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Problem Section

Solutions

Problem 316 (V. MAMMITZSCH, MARBURG, GERMANY)
Is the distribution function of /(X + Y) — X continuous, if X and Y are independent
and have continuous distribution functions?

This problem is of the type that it can be shortly formulated. However, the answer
appeared to be difficult to the readers. No solution was submitted. The answer is,
unfortunately, negative. A counterexample is not simply given. We refer to

MawmmitzscH, V. (1980), Is the distribution function of /(X + Y) — X continuous,
if X and Y are independent and have continuous distribution functions?; Colloquia
Mathematica Societatis Janos Bolya, vol. 32, Nonparametric Statistical Inference,
Budapest.

Problem 317 (N. vAN GIERSBERGEN, J. GOEREE)

Let {X;}/_, and {Y;}}_, be two random samples from an N(0,1) distribution. P(n)
denotes the probability that the second moment of the sample {X; £+ Y;}/_, is smaller
than or equal to the second moment of the sample {Y;}/_;:

P(n) = P[i(Xi +7) < i: Y}

Prove for n > 1 that

P2n—1)= %—% arcsin (%) 1 nz:l %<2:>1(1?6>k
-1 1

4
No solutions were submitted, so we publish the solution by the proposers.

Solution by THE PROPOSERS
Let X = (Xi,...,X,) and Y = (Yy,...,Y,).
Define

1 1
=1 o)
Jo=Ji®1,and Z' = (X', Y’). Let D| be the orthogonal matrix which diagonalizes

Jls ie.

D\J\D; = A,
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where A, =diag(\;,\2) with X\ =% (1 ++/5) and X ='(1 —+/5). Writing
D,=D,®1I, and W=D, Z, we have D,J,D, = A, ® I, and W~ N(0,I,). One
obtains

Pl X+Y|<]Y|]=PXX+2X'Y <0

P[Z'J,Z < 0]
PIW' (A, @ I,)W < 0]

which may be further reduced to

"W
22:,,'_712 < —X/\
Ei:n+l VV;

V5 — 1]

V5+1
non 1 n 1
L3 8) =352 M

where F, , is a random variable having an F-distribution with (n,n) degrees of
freedom and I.(a, b) is the incomplete Beta-function defined as

PllX+Y[<|Y[]=P

P[Fn,n <

I(a,b) = MJW‘I(I — 0" 'ds
0

In the last line of (1) we used: i) P[F,; < x] = I, _,(a/2,b/2) with y = b/(b + ax) and
i) I(a,a) = Y2, ,(a,%) with y = 4(x— %)*. Using

L(a,b) = I(a — 1,b) — Wx"l(l ~x)
and
k
(b ) = va(Xu()
we find
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and similarly

e = Laa(n)
(

WO
2 25 24 \k)\5

Problem 318 (B. C. HomBas, ATHENS, GREECE)
In proving the Central Limit Theorem the following equality was applied

I}lil}) J Sll;lth[e,i(aJrh)tqs(t) dt = J efiutqb(t) ds

provided that [*_|¢(¢)|dt = k < + oo. Prove this result.

The problem has been solved by the proposer. The result in fact follows
immediately by Lebesgue’s dominated convergence theorem.

Problem 319 (A. A. JaGERs, W. C. M. KALLENBERG)

Let X and Y be i.i.d. random variables. It is obvious that X + Y and X — Y have the
same spread in the sense that Var(X + Y) = Var(X — Y). In the L,-sense this is not
the case. Show that E| X + Y| > E|X — Y| with equality iff X is symmetric, i.e. the
distributions of ¢ — X and X — ¢ are the same, for some constant ¢ € R.

In the previous formulation of the problem the name of A. A. Jagers was
erroneously omitted. As L. A. Klein Haneveld remarked, ¢ =0 should be taken,
otherwise X = Y =1 almost surely would be a counterexample. In case ¢=0,
problem 314 is obtained. A reformulation of the problem is given in the section “New
Problems™.

Problem 320** (R. D. GILL)

Let F and G be continuous distribution functions. Their QQ-plot is the graph of the
quantiles (x,,y,) = (F~'(p),G~(p)),0<p <1, ie. a graph of the function
y = G~ '(F(x)). This monotone function transforms the distribution of X ~ F into
Y = F~Y(G(X)). If the QQ-plot is convex one says that Y is more skewed to the right
than X. Suppose now X and Y are gamma distributed with parameters (c, r) and
(8, r). Show that the gamma distribution with smaller shape parameter is more skew
to the right.

REMARK. In his Ph.D. thesis W. R. van Zwet mentions that he managed to prove this
after many pages of analysis. The pages are in a box in the archive of the now
demolished former location of the Mathematical Center (Boerhaavestraat, Amster-

dam), so presumably now lost forever!
©VVS, 1996
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(Reference: W. R. vaN ZweT (1964), Convex transformations of random variables;
MC Tract 7, Mathematical Centre, Amsterdam).
No solutions to this beautiful problem were submitted, it is kept open until further

notice.

Problem 321 (A. H. KROESE)
Let med( .,) be the median of X ,, the non-central chi-square distribution with p
degrees of freedom and non- centrahty parameter 7.

(I) Prove that there exists a constant ¢ > 0 such that med(yx %w) > v+ c for all
v 2> 0.

(I**) Numerical computations suggest that ¢ =1 is the largest value such that

med (x %W) > v+ ¢ for all v > 0. Is this suggestion true and can it be proved?

The proposer has solved part I. No other solutions were received. Also this problem

will be kept open.

Solution of part I by THE PROPOSER
Let Z,, Z, be i.i.d. N(0, 1). Then for all v > 0,

2
(Zi+ V) + 25~ xa,

We have to prove that there exists a constant ¢ > 0 such that
P(Zi+ A7) +2Z5 <v+c) <Y, forally > 0.

P(Zy+ ) +Z2<y+¢)=P(Z2+ Z2+ 272 < ¢) < P(Z2+ 2721 < ¢)

< p(z1 < 7) P(7g Z < o) P(Z3 < 2¢)

+PO§ZS—>.PZ2§C
(0=z<5%) B <0

_P(Zlg—zfﬁ)JrP( 2\/_<Zl<0)[ (73 <2¢) + P(Z5 < ¢)] (1)

Now choose ¢ such that P(Z3 <2¢) + P(Z3 < ¢) < 1. (c has to be smaller than
approximately 0.32.) Then (1) is smaller than or equal to P(Z; < 0) = Y.
Problem 322 (I. ADAN AND J. RESING)
a. Let X be a random variable on the integers with mean x(0 < p < 1). Prove that
Var X > Var Y

with equality if and only if X = Y, where Y is the random variable on 0 and 1
with probability distribution

P(Y=1)=1-P(Y=0)=

©VVS, 1996
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b. Let (i, ) be a pair of real numbers with u > 0 and v > 0. Prove that there exists
arandom variable X on the non-negative integers with mean p and coefficient of
variation + if and only if

v 22k+1—k(k+1)—

1
I p?

where £ is the unique integer satisfying k < p < k + 1.

Note: For each pair (u,v) with > 0 and ~ > 0 there exists a continuous random
variable X > 0 with mean u and coefficient of variation . Part (b) of the problem
states that this no longer true for discrete random variables (see Fig. 1).

4 —
5
Y
3 ]
2 ]
1 —
l l I I
1 2 3 4
Fig. 1 For points (,~?) in the shaded area there exists no discrete random variable X > 0 with mean

and squared coefficient of variation 2.

The problem has been solved by A. A. JAGERs, G. JONGLOED (Part (a)) and THE
PROPOSERS. We publish two solutions.

Solution by THE PROPOSERS.
a. Since X is concentrated on the integers, it follows that
EX? > EX
with equality if and only if X = Y. Hence
Var X = EX? — (EX)* > EX — (EX)? = (1 — ) = Var Y

with equality if and only if X = Y.

©VVS, 1996
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b. Forn=1, 2, ... let X,, be a random variable on k and k + n with probability
distribution

PX,=k+n)=1-PX,=k)=

then it is easily seen that the mean EX,, and squared coefficient of variation ¢2 of
X,, are given by

) 2%k+n k(k+n)

EX,=pu, c 1
R p
From Part (a) it follows for any random variable X on the integers with mean
w > 0 that
cg( > c%

Hence the inequality in Part (b) is a necessary condition. To prove that it is also

a sufficient condition, first note that ¢? is strictly increasing in n, and ¢ T co as
n — oo. So, for +? satisfying the inequality in (b) there exists an n with

2 202

¢y S Y S Cn+1

and it is readily verified that the random variable X defined by

2 2
Y —C
Xn+l Ww.p. P n2
X = Cov1 — G
B c 1*’)’2
n+
Chov1 — G

has mean p and squared coefficient of variation ~2.

Solution by A. A. JAGERS
Let C be the class of all integer-valued random variables with mean u. Define k € Z by
k < p <k + 1 and assume (the opposite case being similar) that k +1 — pu < pu — k.

By weak compactness the minimum value of Var X over X € C is attained, for a
variable Z, say. We claim that the distribution of Z is concentrated on {k,k + 1}.

In fact, if P{Z > k + 2} is positive then so is P{Z > k}, since u < k + 1; and, if
0<p<min(P{Z > k+2}, P(Z < k)), then by moving a probability mass p from
{k+2,k+3,...} one unit to the left and the same amount p from {...,k — 1,k} one
unit to the right we would obtain a new distribution on Z (from the distribution of Z)
with the same mean but lesser variance (the condition k + 1 — y < pu — k comes into
use here).

Since additionally EZ = p, it follows that P{Z =k} =k + 1 — p, P{Z =k + 1} =
w—kand Var Z = (k + 1 — p)(p — k), the minimum value in question. If kK = 0, then
©VVS, 1996
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Z has the same distribution as the variable Y from Part (a). As for Part (b), for X € C
we have

2:VarX>VarZ:2k—|—l_k(k—kl)_

1
IS I I IS

as required. Conversely, if the distribution of X € C is given by P{X =k} =k + 1—
ut+t,P{X=k+1}=p—k—nt/(n—1)>0 and P{X=k+n}=1t/(n—1) with
k>0,n>2and t >0, then EX =y and Var X= Var Z + nt; and nt takes on all
positive real values, if » runs through {2,3,...} and ¢ varies between 0 and

(11— K)/2.

New Problems

Problem 319 (A. A. Jagers, W. C. M. KALLENBERG), revision

Let X and Y be i.i.d. random variables. It is obvious that X + Y and X — Y have the
same spread in the sense that Var(X + Y) = Var(X — Y). In the L;-sense this is not
the case. From problem 314 it follows that

EX+Y-EX+7Y)>EX—-Y—-EX-Y)|

with equality iff X — EX is symmetric around 0. Here the expectation is used as a

measure of location, which is quite natural for spread in the L,-sense, the variance. In

the L;-sense the median is more natural (E|Z — a| is minimized by a = med Z).
Show that

E[X+Y-med(X + Y)| > E[X - Y —med(X — V)|
When does the equality sign hold?

Problem 326 (R. Jans, LouvaIN, BELGIUM)

In a lottery game, » numbers are randomly drawn from a set of m numbers. On a
ticket you may fill out » numbers hoping that they will match the n» numbers selected.
We want to know the minimum number of tickets one has to fill out in order to be
sure that among the tickets filled out there is at least one ticket that has n — 1 or
(or n—2,n—3,...) numbers correct. Can this problem be solved using calculus of
combinations?

Problem 327 (K. vAN HARN AND F. W. STEUTEL)
For n € N, let f,, be the gamma probability density with shape parameter ¢ = n/2 and
scale parameter A = 1, so

fulo) = %x“/z“ex (x> 0)
2
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Define the function: f: (0,00) — R by
Z )" () x>0

Show that fis a probability density.

Problem 328" (R. THEODORESCU, STE. Foy, CANADA)
Let m, () be the nth moment of a Poisson distribution with parameter ¢ > 0. It is
known that

= S j)t’
Jj=0

where S(n,j) is the Stirling number of the second kind; moreover,
My i1 (1) = t(my(2) 4 (d/de)my (1))

Consider the normalized moments ¢, (1) = m,(t)/n!.

CONJECTURE: for each t > 0
cﬁH(I) > cp(t)ensa(t), n>1 (%)
For n =0 (x) holds for t > 1. Is the logconcavity Conjecture (x) true?

Problems marked with % are nonelementary, of problems marked with ** no solution
is known to the editor; unmarked problems are not necessarily simple. Solutions of
the problems in this issue should arrive before September 30, 1996. Problems
(preferably with solutions) and solutions (type-written on separate sheets baring the
name of the solver) are welcomed by the column editor.
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