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We will need the following Lemmas to show the asymptotic properties of RIC.

Lemma 1. Suppose that 7' = (¢1,---,t,)" is a sequence of random variables with éid
components. Assume that E(t;) = 0, var(t;) < oo, and E|t;[* < oo for some s > 1.

Let a = T'BT, where B is a sequence of nonrandom symmetric matrices. Suppose that
lim,, ,» E(a) = a. Then,

1. Ela— E(a)|*® < D(s)E(t}*)(trB?)?, where D(s) is a constant depending only on s.
2. lim,_,,, @ = a almost surely (a.s.), provided that there exist ¢ > 0, n > 1/s for which
n"tr(B?) < c, vn.
The above Lemma is a special version of Rao and Kleffe’s (1988) Equation (2.3.10) and

Theorem 2.4.2. Note that E used in Lemma 1 represents the classical definition of the

expectation.

Lemma 2. If the ¢; are 7id and Assumptions 1, 2 and 3 are satisfied, then lim,, %6/ {I -
H(a)}XoBy = 0 a.s. uniformly in a € A — A°.

PTOOf' Let é‘n = (glnv o 7€nn)/ = {I_H(a)}XOﬁO/Cm where Cn = [%ﬂéXé{I_H(a)}Xoﬂﬂ] 1/2‘
Under Assumption 3, we have ¢, is larger than some positive constant when n is large

enough. Thus, we have
1
& =1 and  —¢{I— H(a)}Xofo = C"Ze@m
n

From Assumption 2, there exists a constant ¢y > 0 such that ¢y > ¢, for all n. Under

Assumption 1, we apply the Chebychev’s inequality to obtain that for any ¢ > 0

PU S el >0} < (/(a0)'E (3] < b

i=1 i=1



where M is a positive constant. This, together with the Borel-Cantelli Lemma, leads to

the conclusion of Lemma 2.

A.1. Proof of theorem 1
Without loss of generality, we use y in place of h(y,1) = y — 1 in the proof of Theorem 1
below, where 1 = (1,---,1)".

STEP 1. For a € A and o € A°, the corresponding model selection criteria are

RIC(a) = nlog{6*(a)} + k(o) {log(n) — 1)+~ — ko) logla* (@)}, (1)
and
RIC(a”) = nlog{5*(a®)} + k(a®){log(n) — 1} + m — k(a®)log{5*(a™)}, (2)

where

7*(a) =y'{I — H(a)}y/{n —k(a)},  &%(a”) =y{I — H(a")}y/{n - k(a”)},

H(a) is defined in Assumption 3, and H(a®) = X(a?)(X(a®)X(a®))1X"(a?). After

algebraic simplification,

_ ~ 2 €H( %) ’H( )e
n—k(a) n-— Z k(ad) k(a)
(

8’{[ — H(&)}X@ﬁo + %()ﬁoXO{I H Oé)}Xoﬁo.

Observe that the first term of the right hand side of the last equation is o(1). Since H(a?)

is an idempotent matrix and

+n — k()

n2tr{ H*(a®)n=%} = k(ao)n_3/2 — 0,
we conclude, from Lemma 1 with B = H(a®)n™!, that
n1e’H(a’)e = o(1)  almost surely.

Similarly, n~'¢’H(a)e = o(1) almost surely. For o € A — A° and when the ¢; are #d and
satisfy Assumption 1, Lemma 2 implies that lim,, %5/{1 — H(a)}XoB = 0 almost surely.

Thus we have

lim inf{5*(a) — 6%(a®)} > lim inf[ By Xo{I — H(a)}Xofo/(n — k(a®))] > ¢f >0



almost surely for all @« € A — A° where ¢; > 0 is a constant such that GyX({I —
H(a)}XoBo/(n — k(a®)) > ¢ when n is large enough. This leads to

limninf & 2(a"){5*(a) — 5*(a")}

> lin%inf{cf/ﬁ(ao)} = lim inf /eI — H(a)}Ye/(n — k(a®))] = (c1/00)?,
almost surely for all o« € A — A°. Hence,

liminf, [n[log{é*(a)} — log{5*(a®)}]| = lim inf [n log[1 + 5 2(a®){5%*(a) — 7% (") }]|
> lim inf, n{log(1 + (¢1/00)?} > 0,
(3)

almost surely for all « € A — A°.

Next, it is also easy to see that [m — k() log{d?*(a)}]/n — 0, almost surely
for all @ € A. This result, in conjunction with equations (1) and (2) and inequality (3),
implies that

liminf,{RIC(a) — RIC(a%)}
= lim inf, nflog{1 + 2(a®)(6%*(a) — 5*(a))} (4)
> liminf,, nflog{1 + (c1/00)*}] > 0,

almost surely for all « € A — A°.

STEP 2. Here we show the asymptotic property { RIC(a) — RIC(a®)}/(log(n) — 1) as
a € A°. To this end, we first note that

RIC(a) — RIC(a®)  nlog{6*(a)} — log{5*(a®)}]

+k(a) — k(a®) +V, (5)

log(n) —1 B log(n) — 1
_ o) log[5*(a)} k(e log(#*(a")} 1) _ ) .
where V' = log(n) -1 + k@) 2} ogtm) ) (nk(a®)-2}llogtn) -1 1 addi

tion, Lemma 1 and Assumption 1 yield that, when o € A°,
7*(a) = {1 — H(a)}e/(n — k(a)) — op. (6)
Hence,

V =o(1). (7)

Next, we can see that whenever |672(a?){5%(a) — 6%(a®)}| <1,

| log{5*()} — log{éz((a;))}lkZ( |21)0g[1 + 5‘2(a°){22(a) - 5;{(040))}]| Hia)
9 0 a) — k(a "62_6’6 gH(%)e  €H(a)
= O(" (c >{ k(@) (n— k@) =" u T am k@)  nln— ka) }>




where G = H(a) — H(a?). Let X(a) = (X(a°), Xok(a))- Then applying Chatterjee and
Hadi’s Property 2.4 (1988, p. 16), we have

G ={I — H(a")} Xan(a)[ Xy {I — H(a")} Xow(a)] ™ Xopoy {1 — H(a")},

which is an idempotent matrix with trace k(a) — k(a®). This and Lemma 1 with B = G
imply that

P{le'Ge — {k(a) — k(a")}| > d(log(n) — 1)}

< D(s)E(er"){k(a) — k(a®)}*/{d(log(n) — 1)}* — 0
for any § > 0 and s > 1. Hence, ¢'Be — {k(a) — k(a®)} = o,(log(n) — 1). In conjunction
with (8), we obtain

n[log{5*(a)} —log{&*(a”)}] = o,(log(n) — 1). (9)

Finally, combining Equations (5), (6), (7) and (9), we have, except for an event whose

probability tends to zero with n, that

RIC(a) — RIC(a®
log(n) — 1

for all o € A% and a # o when n is large enough.

) _ k(a) — k(a®) >0 (10)

STEP 3. From (4) and (10), we obtain that, except for an event whose probability
tends to zero with n,
RIC(a) > RIC(a) (11)

for all @ € A and a # o°. Since & is the model satisfying
RIC(&) = min RIC(a),
acA

we have
RIC(&) < RIC(a°).
This, together with (11) implies that & = o when n is large enough, except for an event

whose probability tends to zero with n.

A.2. Proof of theorem 2

Under the assumptions that the elements of W () are continuous and that 0 tends to 0, in
probability, we obtain that log{|W (6)|/|]W (6)|} = 0,(1) for all a € A. Hence, (2.10) can
be rewritten as

RIC(a,0) = (n — k)[log{52(cv, 60)} + 0p(1)]

+log [Wo| + k(a){log(n) — 1} + + 0p(1).

4
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Also,
RIC(a®,0) = (n— k)[log{52(a®,60)} + 0,(1)]

+log [Wo| + k(a”){log(n) — 1} + n— k(%) — 2

By using the same techniques used for the proof of Theorem 1, we can show that

+ 0p(1).

RIC(a,0) > RIC(a®,0) (12)

for all & € A and o # o, except for an event whose probability tends to zero with n. Note

that & is the model satisfying
RIC(&,0) = min RIC(a, 0)

and that
RIC(&,0) < RIC(a,6).

This, together with (12) implies that & = o when n is large enough, except for an event

whose probability tends to zero with n.

A.8. Proof of theorem 8

In the case of the Box-Cox regression model, the model selection criteria RIC for a €
A and o® € A° are given in (1) and (2), respectively, except for replacing 73(a) and
G2(a®) by &2(a) = h(y, Ao)'{I — H(a)}h(y, \o)/(n — k(a)) and 5%(a®) = h(y, o) {I —
H(a®)}h(y, Ao)/(n — k(a?)).

Using the root-n consistency of Ao and Assumption 4, we obtain that

~ ~

(h(y7 )‘) - h‘(?/a AO)),(h(yv >‘) - h‘(?/a AO)) = Op(log(n))
Applying arguments similar to those used in the proof of Theorem 1, we can verify that

liminf, [n[log{é?*(a)} — log{5?(a’)}]|
= lim inf [nlog[1 + 62(a"){5(a) — 5*(a")}]|
> lim inf,, n{log(1 + (¢1/00)?)} > 0, (13)

almost surely for all « € A — A°, and
4

[m — k(a)log{g*(a)}]/n — 0, (14)

almost surely for all @ € A, where ¢; is a positive constant. Equations (13) and (14) imply

that
liminf,{RIC(a) — RIC(a®)}

= lim inf, nflog{1 + 6 2(a®)(6*(a) — 5%(a))} + o(1)]
> liminf, nflog{1 + (c¢1/00)?}] > 0, (15)
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almost surely for all & € A — A°. Furthermore, using similar arguments used in the proof
of (10), we can show that

RIC(a) — RIC(a°)
log(n) — 1

=k(a) — k(") >0 (16)

for all « € A% and o # o when n is large enough, except for an event whose probability

tends to zero with n.

From (15) and (16), we obtain that, except for an event whose probability tends to zero

with n,

RIC(a) > RIC(a) (17)
for all @ € A and a # o°. Since & is the model satisfying

RIC(&) = min RIC(«a),

we have
RIC(&) < RIC(a°).

This, together with (17), completes the proof of Theorem 3.



