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1 Proofs of Theorem 1

We provide the proof of Theorem 1(ii) only, since Theorem 1(i) may be proved using the standard

argument such as the proof of Theorem 3.7 in Lehmann and Casella (1998). The assertion in

Remark 2 may be proved in similar and simpler manner.

We use the same notation as in Section 2.3. We present the proof for the case that βi is a

scalar, which simplifies the notation without loss of generality. We also assume that the kernel

function K(·) has the support [−1, 1].

Proof of Theorem 1(ii). Let αi = ḃ(xi), and

A =
n∑
t=2

(1, δn(Yt−1 − i)
)T
E
(
l̇(Yt, Xt, βi +αiδn(Yt−1 − i))|Xt, Yt−1

)
Kn,h(Yt−1 − i).

By the fact that E
(
l̇(Yt, Xt, βYt−1

)|Xt, Yt−1

)
= 0, we have

A =
n∑
t=2

E
{
l̇(Yt, Xt, βi +αiδn(Yt−1 − i))− l̇(Yt, Xt, βYt−1

)|Xt, Yt−1

}
×

(
1, δn(Yt−1 − i)

)T
Kn,h(Yt−1 − i).

Set

ξt = E
{
l̇(Yt, Xt, βi +αiδn(Yt−1 − i))− l̇(Yt, Xt, βYt−1

)|Xt, Yt−1

}
, V =

n∑
t=2

ξtKn,h(Yt−1 − i).

We have

var(V ) = I1 + I2, (A1.1)

where

I1 = (n−1)var
(
ξ2Kn,h(Y1− i)

)
, and I2 = 2

∑
2≤k<t≤n

cov
(
ξkKn,h(Yk−1− i), ξtKn,h(Yt−1− i)

)
.
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Condition (A1) together with an application of a Taylor expansion yields

E
(
ξ2

2K
2
n,h(Y1 − i)

)
= E

{
E
(
ξ2

2K
2
n,h(Y1 − i)|Y1

)}
= E

(
E

[
E2
{
l̈(Y2, X2, βY1

)|X2, Y1

}{
βi +αiδn(Y1 − i)− βY1

}2
K2
n,h(Y1 − i)|Y1

])(
1 + o(1)

)
= E

(
E
[
E2
{
l̈(Y2, X2, βY1

)|X2, Y1

}
|Y1

] {
βi +αiδn(Y1 − i)− βY1

}2
K2
n,h(Y1 − i)

)
(1 + o(1))

=
1
4
b̈

2
(xi)h3g(xi)ν4E

[
E2
{
l̈(Y2, X2, βY1

)|X2, Y1

}
|Y1 = i

]
(1 + o(1)).

Similarly, we can get

E
(
ξ2Kn,h(Y1 − i)

)
=

1
2
b̈(xi)h2g(xi)µ2Σi(1 + o(1)). (A1.2)

This leads to

I1 =
n− 1

4
b̈

2
(xi)h3g(xi)ν4E

[
E2
{
l̈(Y2, X2, βY1

)|X2, Y1

}
|Y1 = i

]
(1 + o(1)). (A1.3)

Now, we consider the term I2. It is easy to see that

I2 = 2
n−2∑
t=1

(n− 1− t)cov
(
ξ2Kn,h(Y1 − i), ξt+2Kn,h(Yt+1 − i)

)
.

Choose δ, such that

1− 2/γ < δ <
(
β − γ/(γ − 2)

)
(1− 2/γ),

let dn = h−(1−2/γ)/δ,

I2,1 =
dn∑
t=1

(n− 1− t)cov
(
ξ2Kn,h(Y1 − i), ξt+2Kn,h(Yt+1 − i)

)
,

and

I2,2 =
n−2∑

t=dn+1

(n− 1− t)cov
(
ξ2Kn,h(Y1 − i), ξt+2Kn,h(Yt+1 − i)

)
.

Then I2 = I2,1 + I2,2. It holds that for any t,

cov
(
ξ2Kn,h(Y1 − i), ξt+2Kn,h(Yt+1 − i)

)
= O(h4).
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Therefore,

(n− 1)−1I2,1 = O(h4dn) = O(h4−(1−2/γ)/δ).

It follows from the Davydov’s inequality (Corollary 1.1 in Bosq, 1996, p.21) that

∣∣∣cov
(
ξ2Kn,h(Y1 − i), ξt+2Kn,h(Yt+1 − i)

)∣∣∣ ≤ C{α(t)
}1−2/γ{

E|ξ2Kn,h(Y1 − i)|γ
}2/γ

.

Moreover, {
E|ξ2Kn,h(Y1 − i)|γ

}2/γ
≤ Ch4h2/γ−2,

which leads to

(n− 1)−1I2,2 ≤ Ch4h2/γ−2
∞∑
t=dn

{
α(t)

}1−2/γ
≤ Ch4h2/γ−2d−δn

∞∑
t=dn

tδ
{
α(t)

}1−2/γ
= o(h3).

Hence, (n− 1)−1I2 = o(h3). Together with (A1.1) and (A1.3), this leads to

(n− 1)−1var(V ) =
1
4
b̈

2
(xi)h3g(xi)ν4E

[
E2
{
l̈(Y2, X2, βY1

)|X2, Y1

}
|Y1 = i

]
(1 + o(1)). (A1.4)

By using the similar arguments, we can show that

(n− 1)−1var

{
n∑
t=2

ξtδn(Yt−1 − i)/hKn,h(Yt−1 − i)
}

=
1
4
b̈

2
(xi)h3g(xi)ν6E

[
E2
{
l̈(Y2, X2, βY1

)|X2, Y1

}
|Y1 = i

]
(1 + o(1)). (A1.5)

In view of (A1.2), we obtain

(n− 1)−1GE(A) =
1
2
b̈(xi)Σi(µ2, 0)T g(xi)h2(1 + o(1)),

where G = diag(1, h−1). By (A1.4) and (A1.5), we get

(n− 1)−1GA = (n− 1)−1GE(A)(1 + oP (1)) =
1
2
b̈(xi)Σi(µ2, 0)T g(xi)h2

(
1 + oP (1)

)
. (A1.6)
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By simple calculation,

῭
n(a, b) =

n∑
t=2

l̈
(
Yt, Xt, a+ bδn(Yt−1 − i)

)(
1, δn(Yt−1 − i)

)T(
1, δn(Yt−1 − i)

)
Kh(δn(Yt−1 − i)).

Let

A1 =
n∑
t=2

E
{
l̈(Yt, Xt, βi+αiδn(Yt−1−i))|Xt, Yt−1

}
(1, δn(Yt−1−i))T (1, δn(Yt−1−i))Kh(δn(Yt−1−i)).

Using the technique in the derivation for (A1.6), we have

(n− 1)−1GA1G = (n− 1)−1GE(A1)G(1 + o(1)) = −Σidiag(1, µ2)g(xi)(1 + o(1)),

and

(n− 1)−1G῭
n(βi,αi)G− (n− 1)−1GA1G = oP (1),

this leads to

(n− 1)−1G῭
n(βi, αi)G = −Σidiag(1, µ2)g(xi)

(
1 + oP (1)

)
. (A1.7)

Therefore, by (A1.6),

(1, 0)
{

῭
n(βi, αi)

}−1
A = −1

2
b̈(xi)µ2h

2(1 + oP (1)). (A1.8)

It follows by using the same techniques as in the derivation for (A1.4) that

var
(
G
{

˙̀
n(βi, αi)−A

})
= (n− 1)h−1Σidiag(ν0, ν2)g(xi)(1 + o(1)).

By applying to the central limit theorem for kernel regression estimator under α-mixing (see

Theorem 3.4 in Bosq, 1996, p.75), we obtain

(n− 1)−1/2h1/2
(
Σidiag(1, µ2)g(xi)

)−1
G
{

˙̀
n(βi, αi)−A

}
→ N(0, Σ−1

i diag(ν0, ν2µ
−2
2 )g(xi)−1).

(A1.9)

By following the same line as that used for the proofs of Theorems 3.2-3.10 in Lehmann and
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Casella (1998, pp.443-450) and by (A1.7), one has

{
(n− 1)h

}1/2
[
β̂i − βi + (1, 0)

{
῭
n(βi, αi)

}−1
A

]
= −(1, 0)

{
(n− 1)h

}1/2{῭
n(βi, αi)

}−1{ ˙̀
n(βi, αi)−A

}
(1 + oP (1))

= (1, 0)(n− 1)−1/2h1/2(Σidiag(1, µ2)g(xi))−1G
{

˙̀
n(βi, αi)−A

}
(1 + oP (1))

This together with (A1.8) and (A1.9) establishes Theorem 1.

2 Proof of Theorem 2

We provide the proof for Theorem 2 only. All the assertions followed to Theorem 2 may be

proved in a similar manner, which is therefore omitted.

We use the same notation as in Section 3.3. Further we always assume that the conditions

(B1) — (B4) hold. In order to prove Theorem 2, we need the following lemma.

Lemma 1. Under the conditions in Theorem 2, we have

(
(n− 1)m3 h/ψj(xi)

)
var(J1) → ν0,

where

J1 =
n∑
t=2

{
I(Yt = j)− E(I(Yt = j) |Yt−1)

}
was(t, i)Kmh(Yt−1 − i), (A2.1)

and

was(t, i) = (n− 1)−1
{

1 + µ2 ν
−1
2 ψ̇(xi)ψ(xi)−1 h (Yt−1 − i)Kmh(Yt−1 − i)

}−1
. (A2.2)

Proof. Let εt−1 = I(Yt = j)− E{I(Yt = j) |Yt−1}. Then,

var(J1) = (n− 1)var
(
ε1was(2, i)Kmh(Y1 − i)

)
+2

∑
2≤k<t≤n

cov
(
εk−1was(k, i)Kmh(Yk−1 − i), εt−1was(t, i)Kmh(Yt−1 − i)

)
4
= I1 + I2,
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and

I1 =
1

n− 1

m∑
l=1

(
plj − p2

lj

){
1 + µ2 ν

−1
2 ψ̇(xi)ψ(xi)−1h (l − i)Kmh(l − i)

}−2
K2
mh(l − i)πl

=
(
(n− 1)m3 h

)−1
ψj(xi) ν0 {1 + o(1)}. (A2.3)

Choose δ such that

1− 2/γ < δ <
(
β − γ/(γ − 2)

)
(1− 2/γ), (A2.4)

and let dn = mh−(1−2/γ)/δ = o
(
mh−1

)
. Set

ξt+1 = εt+1

{
1 + µ2 ν

−1
2 ψ̇(xi)ψ(xi)−1 h (Yt+1 − i)Kmh(Yt+1 − i)

}−1
Kmh(Yt+1 − i).

By stationarity and decomposing I2 into two terms, we have

I2 = 2 (n− 1)−2
n−2∑
t=1

(n− 1− t) cov(ξ1, ξt+1)

= 2 (n− 1)−2
dn∑
t=1

(n− 1− t) cov(ξ1, ξt+1) + 2 (n− 1)−2
n−2∑

t=dn+1

(n− 1− t) cov(ξ1, ξt+1)

4
= I2,1 + I2,2.

For any t, by a simple manipulation, we get

cov(ξ1, ξt+1) = E(ξ1ξt+1) = O
(
m−4

)
, (A2.5)

which, coupled with the choice of dn, implies that

I2,1 = o
(
m−3(n− 1)−1h−1

)
.

Now, we consider contribution of I2,2. To this end, by using Davydov’s inequality, we obtain

|cov(ξ1, ξt+1)| ≤ C{α(t)}1−2/γ
{
E|ξ1|γ

}2/γ
.
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Straightforward algebra yields

{
E|ξ1|γ

}2/γ
≤ Cm−2−2/γh2/γ−2,

which, in conjunction with the above inequality and Assumption (A1) as well as the choice of

dn, leads to

(n− 1) I2,2 ≤ Cm−2−2/γ h2/γ−2
∞∑
t=dn

{
α(t)

}1−2/γ

≤ Cm−2−2/γh−1h2/γ−1d−δn

∞∑
t=dn

tδ
{
α(t)

}1−2/γ
= o(m−3h−1).

This completes the proof of the lemma.

Proof of Theorem 2.

Let, for j = 1 and 2,

Aj =
1

n− 1

n∑
t=2

(i− Yt−1)jKj
mh(Yt−1 − i).

Similar to calculation of var(J1) in Lemma 1, we have

var(Aj) = O(n−1h),

which implies that

A1 = E
{

(i− Y1)Kmh(Y1 − i)
}

+Op
(
n−1/2h1/2

)
= −µ2 ψ̇(xi)h2 +Op

(
n−1/2h1/2 +m−1

)

and

A2 = E
{

(i− Y1)2K2
mh(Y1 − i)

}
+OP

(
n−1/2h1/2

)
= ν2 ψ(xi)h+OP

(
n−1/2h1/2 +m−1

)
.

Using the same techniques as in Chen and Hall (1993), we have

λ = A−1
2 A1 +OP

[{
(nh)−1/2 + h+ (mh)−1

}2
]

= −µ2ν
−1
2 ψ̇(xi)ψ(xi)−1h+OP

[{
(nh)−1/2 + h+ (mh)−1

}2
]
.
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Therefore,

wt(i) = was(t, i) {1 + oP (1)}.

Note that

n∑
t=2

(I(Yt = j)− pij)wt(i)Kmh(Yt−1 − i)

=
n∑
t=2

{
I(Yt = j)− E(I(Yt = j)|Yt−1)

}
wt(i)Kmh(Yt−1 − i) + J2,

where

J2 =
n∑
t=2

{
E(I(Yt = j)|Yt−1)− pij

}
wt(i)Kmh(Yt−1 − i).

We have

p̂ij − pij =
∑n
t=2(I(Yt = j)− pij)wt(i)Kmh(Yt−1 − i)∑n

t=2wt(i)Kmh(Yt−1 − i)
= (J1 + J2)/J3 {1 + oP (1)}, (A2.6)

where J1 is defined in (A2.1) and

J3 =
n∑
t=2

was(t, i)Kmh(Yt−1 − i).

By following the same line of the proof in Lemma 1, we obtain

J3 − (n− 1)E
{
was(2, i)Kmh(Y1 − i)

}
= oP (1),

and

m (n− 1)E
{
was(2, i)Kmh(Y1 − i)

}
= m

m∑
j=1

{
1 + µ2 ν

−1
2 ψ̇(xi)ψ(xi)−1 h (j − i)Kmh(j − i)

}−1
Kmh(j − i)πj

=
∫ 1

0

{
1 + µ2 ν

−1
2 ψ̇(xi)ψ(xi)−1 h (y − xi)Kh(y − xi)

}−1
Kh(y − xi)ψ(y)dy(1 + o(1))

= ψ(xi)(1 + o(1)),

so that

J3 = m−1 ψ(xi) {1 + oP (1)}. (A2.7)
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By applying the central limit theorem for kernel regression estimator under α-mixing and Lemma

1, we have √
(n− 1)m3 h

ν0 ψj(xi)
J1 → N(0, 1). (A2.8)

Now, we consider the contribution of J2. By a Taylor expansion, one has

m (ptj − pij) =
ψj(xt)
ψ(xt)

− ψj(xi)
ψ(xi)

+O
(
m−1

)
= ϕ̇j(xi)(xt − xi) +

1
2
ϕ̈j(xi)(xt − xi)2 +O(m−1) + o

{
(xt − xi)2

}
.

By (3.4), we have

J2
4
= J2,1 {1 + oP (1)}+OP (m−3) + oP (m−2h2),

where

J2,1 =
1

2m
ϕ̈j(xi)

n∑
t=2

(
Yt−1 − i
m

)2

wt(i)Kmh(Yt−1 − i).

It is easy to see that

E(J2,1) =
1

2m

m∑
t=1

{
1 + µ2ν

−1
2 ψ̇(xi)ψ(xi)−1 h (t− i)Kmh(t− i)

}−1

×ϕ̈j(xi) (xt − xi)2Kmh(t− i)πt
(
1 + o(1)

)
=

h2

2m2
µ2 ϕ̈j(xi)ψ(xi)

(
1 + o(1)

)
.

Similar to the calculation of var(J1), var(J2,1) = O
(
(n− 1)−1m−4h3

)
, so that

J2 =
h2

2m2
µ2 ϕ̈j(xi)ψ(xi) + oP

(
m−2h2

)
+OP (m−3).

This, together with (A2.7) and (A2.8), concludes that

p̂ij−pij =
h2

2m
µ2 ϕ̈j(xi)+

√
ν0 ψj(xi)

(n− 1)mhψ2(xi)
N(0, 1)+oP

(
((n−1)mh)−1/2+m−1h2

)
+OP (m−2),

this leads to the result of Theorem 2.
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