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1 Proofs of Theorem 1

We provide the proof of Theorem 1(ii) only, since Theorem 1(i) may be proved using the standard
argument such as the proof of Theorem 3.7 in Lehmann and Casella (1998). The assertion in
Remark 2 may be proved in similar and simpler manner.

We use the same notation as in Section 2.3. We present the proof for the case that 3, is a
scalar, which simplifies the notation without loss of generality. We also assume that the kernel

function K (-) has the support [—1,1].

Proof of Theorem 1(ii). Let o = b(z;), and
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(1, 0n(Yio1 — Z)) Ky p(Yi—1 —1).
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&t = E{Z.(Yt, X¢, B; + @idn (Vi1 — i) — 1(Yy, X, BYt,l)|Xth;*1}v V= ZﬁtKn,h(Yifl —1i).

We have
var(V) =1; + Iy, (A1.1)

where

Il = (n— 1)var(£2Kn’h(Y1 —i)), and IQ =2 Z COV(kan,h(Yk_l —i), étKn,h(Y;f—l —7,))
2<k<t<n



Condition (A1) together with an application of a Taylor expansion yields

(B[E2{i0, Xa By e ¥ H{B: + csbalvi =) = By } K211 — D] ) (14 0(1)
= B(E[E{i(ve X, By)[Xa. Y1 WYVi] {8, + cudu(Yi — i) — By, } K2, (11 i)) (1+0(1)

b (@) hPg(@imE [E{i(Ys, Xa, By,)Xo, Vi }|Vi =i (1+0(1)).

Similarly, we can get

B(&Kun(Yi — 1)) = %b(xi)hzg(mi),u,gEi(l +o(1)). (A1.2)

This leads to

=" — B2 (@) W3 g(z) [E2{i(Ya, X, By,)|Xa, Y1 }[V1 = i] (1 +0(1)). (A1.3)

Now, we consider the term Iy. It is easy to see that

n—2

I, =2 Z(n -1- t)C0V<§2Kn,h(Y1 —1), &2lnn(Yig1 — Z))
=1

Choose 9, such that
1=2/y <6< (8-7/(v=2))(1-2/),

let d,, = h_(l—Q/’Y)/fs,

dn

Ly=) (n—1- t)COV(@Kn,h(YI — 1), Sralun(Yey1 — i)),
=1

and
n—2

L= ) (n—1- t)COV(@Kn,h(Yl — 1), &ralnn(Yegr — i)).
t=dp+1

Then Iy = Iy + Iz 2. It holds that for any ¢,

COV(§2Kn,h(Yl — 1), §t42Knn(Yer1 — i)) = O(n*).



Therefore,

(n— 1)y = O(h'd,) = O(n*=(1=2/3),
It follows from the Davydov’s inequality (Corollary 1.1 in Bosq, 1996, p.21) that

‘COV(ngmh(Yl — i), §t+2Kn,h<Y;f+l - Z))‘ < C{a(t)}liw’y{E‘ébKn,h(Yl o i)‘fy}Q/’Y.

Moreover,

2
[Bleak, v~} < ontni2,

which leads to

0 1-2 > 1-2
(n— 1)Ly < CHRY172 Y {a()} < optn2i2g > #{a@)} 7 o(hd),
t=dn t=d,,
Hence, (n — 1)7'Iy = o(h?). Together with (A1.1) and (A1.3), this leads to
. 1.2 g o (7 .
(n— 1) var(V) = 2B () hPg(xi)va [E2{i(Va, Xa, By,)|Xa, Y1 }[Vi =] (1+0(1)). (A14)

By using the similar arguments, we can show that

(n—1)" V&I‘{th (Vi1 — i) /hEKp 5 (Yo 1—z)}

= BB [, Xo, By, X0 Vi) Ya =] (1 +0(1).  (AL5)
In view of (A1.2), we obtain
(n—1)"'GE(4) = %B(xi)zxm, 0T g()h2(1 + o(1)),
where G = diag(1, h~!). By (A1.4) and (A1.5), we get

(n—1)"'GA = (n— 1) GE(A)(1 + op(1)) = %B(xi)zi(m, 0)"g(zi)h?(1+ 0p(1)). (AL6)



By simple calculation,

ip(a,b) = f:z(yt X1, @+ bon(Yio1 =) (1,62(Yio1 — z’))T(l,(Sn(Yt_l — ) Kn(0n (i1 = 9):
t=2
Let
Ay = iE{i(Yt, Xy, Bi+ 00 (Vi1 =) X, Vit (1,00 (Vi1 =) (1, 00 (Vi1 1)) K (90 (Yio1—7)).
t=2

Using the technique in the derivation for (A1.6), we have
(n—1)"'GAG = (n—1)"'GE(A)G(1 + o(1)) = —X;diag(1, u2)g(z:) (1 + o(1)),

and

(n—1)"'Gl,(8;,0)G — (n —1)'GAG = op(1),

this leads to

(n—1)7'Gl(B;, )G = —Sidiag(1, p2)g(w:) (1 + op(1)). (AL7)

Therefore, by (A1.6),
. -1 1. )
(1, 0){ln(B;, i)} A= —5b(@i)u2h* (1 + 0p(1). (A1.8)
It follows by using the same techniques as in the derivation for (A1.4) that
var (G{én(,@i, ;) — A}) = (n — 1)h~ 1 B;diag(vo, v2)g(xi) (1 + o(1)).

By applying to the central limit theorem for kernel regression estimator under a-mixing (see

Theorem 3.4 in Bosq, 1996, p.75), we obtain

(n—1)"1/2pt/2 (Eidiag(LN2)g(xi))71G{én(ﬁia i) — A} — N(0, ;" diag(vo, vaps)g(x:) ™).
(AL9)

By following the same line as that used for the proofs of Theorems 3.2-3.10 in Lehmann and



Casella (1998, pp.443-450) and by (A1.7), one has

{(n - 1)h}1/2 [Bi - B+ (1, O){é’n(m ai)}—lA]
=~ 0f - 0p} {iuBs a0} {inB @) - A} +op(1)

= (1, 0)(n— 1)72RNA(Sdiag(1, j2)g(2:) T G{€n(B;, ) — A}(1+ 0p(1))

This together with (A1.8) and (A1.9) establishes Theorem 1. 0

2 Proof of Theorem 2

We provide the proof for Theorem 2 only. All the assertions followed to Theorem 2 may be
proved in a similar manner, which is therefore omitted.
We use the same notation as in Section 3.3. Further we always assume that the conditions

(B1) — (B4) hold. In order to prove Theorem 2, we need the following lemma.

Lemma 1. Under the conditions in Theorem 2, we have

((n —1)m? h/wj(mi)) var(J1) — w,

where
H= S (TG = ) = BAG = ) 1Y) bt (D) Ko (Vi1 — 1), (A21)
t=2
and
was(1,) = (0 = 17 {14 vy i) ) h (Ve — i) K (Vi =)} . (A22)

Proof. Let ;1 = I(Y; =j) — E{I(Y; = j) | Yi—1}. Then,

Val"(Jl) = (n - 1)Var(51 was(2a Z) Kmh(YI - Z))

+2 3 cov(en1 Was(ky i) Kon (Vi1 = i), €11 Was(t,7) Ky (Vi1 = 3))
2<k<t<n

A
= II+I27



and

n = nilf:(plj—p%j){1+u2y2—11/}(xi)¢(xi)1h(z—i)Kmh(z—i)}_zK;h(z—i)m
=
= ((n—1)m®h) (e v {1+ o(1)}. (A2.3)

Choose ¢ such that

1-2/y <6< (B-7/(y—2))1-2/7), (A24)
and let d, = mh~(0=2/N0/% = o (mh~1). Set

§i41 = €141 {1 + pg vy (@) (i) T R (Vigr — 1) Ky (Vi — i)} Kpn(Yeg1 — ).

By stationarity and decomposing I2 into two terms, we have

I, = 2(n—1)" in—l—t)cov(fl,gtH)

dn n—2
= 2(n—-1)" Z (n—1—=t)cov(&, &) +2(n =172 > (n—1—1t)cov(&, &)
1 t=dp+1

I 2,1 + 1272.
For any ¢, by a simple manipulation, we get

cov(ér, €e1) = Blér&sn) = O (m™), (A2.5)

which, coupled with the choice of d,,, implies that
Iy = o(m_g(n - 1)_1h_1).
Now, we consider contribution of I3 2. To this end, by using Davydov’s inequality, we obtain

lcov(&r, &)l < Ca()y 2 { Ele )



Straightforward algebra yields
2/y 22/ 2/y—2
{Blap}” " < om=22p2h2,

which, in conjunction with the above inequality and Assumption (A1) as well as the choice of

d,, leads to

s 1-2
(n-Dhy < Om227i202 Y fap)}
t=dn

s 1-2
< om0 S 0 a)) I o(m3h ).
t=dn

This completes the proof of the lemma. 0
Proof of Theorem 2.

Let, for j = 1 and 2,

Y1) JK n (Yo — ).
1t:2

Similar to calculation of var(J;) in Lemma 1, we have
var(A;) = O(n"'h),
which implies that
Al = E{(l - Y1) Kpn (Y1 — Z)} + O, (n ( _1/2h1/2) —p2 (i) 2 + O, ( —12p1/2 4 m_l)
and
Ay = B{(i = V1)2K2,(Yi — i)} + Op (n/20Y2) = vy (ws) h+ Op (02012 4 7).
Using the same techniques as in Chen and Hall (1993), we have

N = A7'A+0p [{(nh)_1/2+h+(mh)_1}2]

= —parsy (i)Y (i) 'h+ Op

{nh)™2 £ 1+ (mh)_l}q .



Therefore,

wy (1) = was(t, 1) {1+ op(1)}.

Note that
Z(I(Y;f = .7) pzy)wt( )Kth/;f 1— Z)
t=2
= S {1 = ) B = DY) Jurld) Ko (it = )+ .
t=2
where
Z{ I(Y: = j)|Yi-1) — pij} we (1) Kypp (Yeo1 — 7).
t=2
We have
2o (I(Ve = Jj) — pij) we (1) K (Vi1 — 1) o
PP Y ) TR rer (),

where J; is defined in (A2.1) and

J3—Zwas (t, 1) K (Yi—1 — 7).
By following the same line of the proof in Lemma 1, we obtain

Js = (n = 1) E{wes(2,1) Kpn(Y1 = i) } = 0p(1),

(A2.6)

and
m (n = 1) B{ was(2,8) K (Y1 — )}
Y (U s ) 0la) b G ) K~ )} Kol — )
j=1
= /01 {14 mo vz (@) ) ™ h(y — @) Kn(y — )} Knly — 2:) ¥(y)dy(1 + o(1)
= ¥(z:)(1+o(1)),
so that

Js=m™} Y(x;) {1+ op(1)}.

(A2.7)



By applying the central limit theorem for kernel regression estimator under a-mixing and Lemma

1, we have
(n—1)m3h

iy N(0, 1). (A2.8)

Now, we consider the contribution of J;. By a Taylor expansion, one has

O € R € S
(pt] pz]) ¢($t) @Z)(l‘z) +O( )

= Gyl — ) + 5 By — )+ O™+ of (a1 — ).

By (3.4), we have
AN _ _
Jo = J271 {1+Op(1)}+0p(m 3)+Op(m 2h2),

where

T = 5t S (ML) i) K i )
2,1—2m90j ) = m w1 mh\1t—1 ).

It is easy to see that

Bl) = oo 3 {1 s ) e e =) Kl =)
t=1
x () (20 = 20)2 K (t = 0) 7 (1 + 0(1))
2
= i) () (14 o(1).

Similar to the calculation of var(.Jy), var(Jy1) = O((n - 1)_1m_4h3), so that

h? . _ _
Jy = o2 M2 Gj(xi) Y(x;) +op (m 2h2) +Op(m™3).

This, together with (A2.7) and (A2.8), concludes that

p—pis = 2 po @ (i) + w¥i(r) g 1+op (((n=1)mh) ™2 +m = h?)+0p(m~?)
7P om J (n—1)mh?(x;) ’ ’
this leads to the result of Theorem 2. 0



