
Bayesian model comparison

Suppose we have two models, model M0 and model M1, not necessarily with the same number of parameters.

Our prior information on these models can be used to assign each of them a prior probability. Usually one takes

P [M1] = P [M0] =
1
2 , if there is no preference for a particular model. The prior is then called non-informative

(see below). We can use a data-setD to update these prior probabilities using Bayes’ formula which is

P [Mi|D] = P [D|Mi]P [Mi]

P [D]
(1)

Here, P [Mi|D] is the posterior probability of modelMi (i takes the values 0 or 1 in this example), P [D|Mi] is the

probability of the data given modelMi and P [D] is the so-called unconditional marginal likelihood of the data.

Bayesian model comparison and selection can be done in various ways (Berger 1985, Berger & Pericchi 1996,

Carlin & Louis 2000; Wasserman 2000). We use a variant of the so-called Bayes factor (Kass & Raftery 1995).

Bayes factor

The Bayes factor B is the ratio of the posterior probabilities of two models (here M0 and M1; Kass & Raftery

1995):

B =
P [M1|D]
P [M0|D] =

P [D|M1]P [M1]

P [D|M0]P [M0]
(2)

Because P [Mi] is assumed to be known, we only need to determine P [D|Mi], the marginal likelihood of the

data conditional on the modelMi. If there are no model parameters, the marginal likelihood immediately follows

from the model. For example, the MacArthur broken-stick model (MacArthur 1957, 1960; Tokeshi 1990; see main

text) has no free parameters. However, usually there are free parameters in the model, as in the two other models

discussed in this paper. Let us denote the whole set of these model parameters in model i by Θi. The marginal

likelihood is then a weighted average of the likelihoods P [D|Θi,Mi]. When the weights are taken from the prior

distribution of the model parameters (given the model), that is, from P [Θi|Mi], then we obtain the prior marginal

likelihood,

Pprior[D|Mi] =

Z
P [D|Θi,Mi]P [Θi|Mi]dΘi (3)

Hence the prior marginal likelihood can be interpreted as an average likelihood weighted by the prior distribution.

When the weights are taken from the posterior distribution of the model parameters, that is, from P [Θi|D,Mi],
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we obtain the posterior marginal likelihood,

Pposterior[D|Mi] =

Z
P [D|Θi,Mi]P [Θi|D,Mi]dΘi (4)

which is the likelihood averaged with the posterior distribution. We will use the posterior marginal likelihood to

compare different models, because it is insensitive to the choice of the prior distribution.

The Bayes factor (2) with posterior marginal likelihoods (4) is known as the posterior Bayes factor (Aitkin

1991, Laud & Ibrahim 1995, De Santis & Spezzaferri 1997, Upadhyay & Peshwani 2003, Vlachos & Gelfand

2003). It is the ratio of the posterior marginal likelihoods of two modelsM1 andM0:

Bposterior,M1M0
=
Pposterior[D|M1]P [M1]

Pposterior[D|M0]P [M0]
(5)

Table 1 shows how a particular value of the Bayes factor should be interpreted.

Table I. Interpretation of the Bayes factor BM1M0 in comparing model M1 to model M0 (Kass & Raftery

1995) whereM1 is the model with the largest marginal likelihood. The categories are arbitrary in the same sense

as a significance level of α = 0.05 is arbitrary in classical statistics, but, just like this value of α, these categories

seem to furnish appropriate guidelines (Kass & Raftery 1995).

2 lnBM1M0
BM1M0

Evidence against modelM0

0 to 2 1 to 3 Not worth more than a bare mention
2 to 6 3 to 20 Positive
6 to 10 20 to 150 Strong
> 10 >150 Very strong

Below we will present a procedure to obtain the posterior probability distribution of the parameter set Θi.

Crucial in this procedure (as in all Bayesian approaches) is again Bayes’ formula, which, when applied to the

model parameters Θi, reads:

P [Θi|D,Mi] =
P [D|Θi,Mi]P [Θi|Mi]

P [D|Mi]
(6)

As before, in equation (6), P [Θ|D,Mi] is the posterior distribution conditional on the model, P [Θi|Mi] is the

(possibly multidimensional) prior distribution of the parameters Θi given the model and P [D|Mi] is the prior

marginal likelihood of the data given the model. Because all probabilities are conditioned on the model, we drop

Mi and the subscript i for notational convenience whenever general statements are made that do not explicitly

depend on a particular model.
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Prior probability distribution - Jeffreys’ prior

Although the prior probability P [Θ] is ideal to incorporate any expert knowledge about model parameters, some-

times this knowledge is so vague that a non-informative prior is desired. A simple prior which contains little

information is the uniform probability distribution between realistic limits, but the probability distribution is not

invariant under transformation of the parameter (for example, if one logtransforms the parameter). A natural

choice of non-informative prior that is invariant under transformation is the Jeffreys priors (Jeffreys 1961; Kass &

Wasserman 1996, 1998), defined as the square root of the determinant of the Fisher information matrix,

P [Θ] ∝
p
|I(Θ)| (7)

where

Iij(Θ) = ED|Θ

·
− ∂2

∂Θi∂Θj
lnP [D|Θ]

¸
(8)

We use (variations of) the Jeffreys prior in our approach, but we note that there are several other ways to specify

non-informative priors (Novick & Hall 1965, Zellner 1971, Box & Tiao 1973, Akaike 1978, Bernardo 1979). If

sufficient data is available, it does not matter much which prior is chosen. We remark that non-informative priors

are often improper, i.e. they do not integrate to 1, but this is no problem as long as the posterior is proper.

Posterior probability distribution - Markov Chain Monte Carlo simulation

(MCMC)

There are various ways to obtain the posterior distribution (Gelman et al. 2003, Carlin & Louis 2000), but we find

theMarkov ChainMonte Carlo (MCMC) approach (Chen et al. 2000) very convenient and suitable for our problem

(see Ter Braak & Etienne 2003, Etienne et al. 2004, Link et al. 2002 for different ecological applications). The idea

of MCMC simulation is to let the parameters perform a random walk in parameter space according to a Markov

chain, set up in such a way that its stationary distribution is the posterior distribution. A useful algorithm for setting

up the Markov chain is the Metropolis-Hastings (MH) algorithm (Metropolis and Ulam 1949; Metropolis et al .

1953; Hastings 1970). The MH-algorithm reads (Gelman et al . 2003):

1. Choose a starting value Θ0 for parameters Θ.

For u = 1... repeat steps 2-4:

2. Choose a candidate point Θ∗ (proposal) from a jumping distribution Ju[Θ∗|Θu−1].
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3. Calculate the acceptance ratio

r =
P [Θ∗|D]
P [Θu−1|D]

Ju[Θ
u−1|Θ∗]

Ju[Θ∗|Θu−1] =

=
P [D|Θ∗]P [Θ∗]

P [D|Θu−1]P [Θu−1]
Ju[Θ

u−1|Θ∗]
Ju[Θ∗|Θu−1] . (9)

4. Take

Θu =

½
Θ∗ with probability min(r, 1)
Θu−1 otherwise . (10)

In this way a list of Θu is generated and the Θu with u > uburn-in constitute (a sample of) the posterior distribution

for Θ, uburn-in being the point where the process is considered to have converged to its stationary distribution; the

period up to this point is called the burn-in period. The efficiency of the algorithm depends largely on the choice

of the jumping distribution. All parameters can be sampled simultaneously from a joint jumping distribution

after which the entire set of parameters is either accepted or rejected, but they can also be sampled and updated

(accepted/rejected) one by one by alternate sampling where the remaining parameters are fixed. Of course, any

intermediate combination is also possible. Efficiency guides our choice.

The starting parameter value(s) Θ0 can in principle be chosen arbitrarily, as the stationary distribution should

be independent of Θ0. However, for rapid convergence of the Markov chain (i.e. a low uburn-in), one should choose

likely value(s) of Θ0, that are obtained, for example, by classical likelihood maximization.
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