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Appendix 1. Terminal reward function

This appendix describes the terminal reward functions used
for the numerical solutions contained in this paper

THE &(Y1,Z7) FUNCTION

In equation 1, the terminal reward function, the function
&(YpZy) describes digestion, during the non-grazing period,
of material still contained in the gut at the terminal time
horizon, 7. For all numerical examples contained in this
paper &(Y1,Z;) takes the following form:

E(VpZr)=(Y+3(Zp)e.

The function 8(Zy) is described in detail in Appendix 2; it is
a function that reflects the physical breakdown of material
in the gut through rumination. One function of rumination is
to break down the otherwise indigestible cell wall and hence
liberate a small fraction of material for digestion. € is a
measure of the efficiency with which mass is converted to
energy through digestion. It reflects the efficiency of
conversion from digestible energy into_ metabolizable
energy (0-81) and metabolizable energy into net energy
(0-75, i.e. 0-81 x0-75=0-6075; Alderman 1984). Both grass
and clover have a gross energy content of approximately
18MJ kg DM (Alderman 1984). Each unit of gut fill (Y
and Z) is 80 g DM, so each unit of gut fill is equivalent to
1-44M1J. Each unit of stored energy (X) is equivalent to
352k], so each unit of gut fill has an equivalent gross energy
content of 4.1 units of stored energy. So,
€=0-81x0-75x4-1=2-49 is the conversion of digestible
mass in the gut into stored energy. For more details on the
scaling of the state variables, see Appendices 2 and 3.

SHAPE PARAMETERS OF THE TERMINAL REWARD
FUNCTION

In equation] there are three shape parameters denoted a, b
and c. These parameters have no biological meaning but
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Fig. A1. The three principal terminal reward functions used
throughout the paper: (—) the terminal reward function,
Y(X;Yr,Z;) (see equation 1) as a function of 6=
(Xr+E&(Y,,Zp) for a dry ewe grazing for up to 13-3h day™’;
(- -- --) the terminal reward function for a dry ewe grazing up
to 10h day™'; (---) the function for a lactating ewe grazing
for up to 13-3h day™".

control the shape of the function. The function is
convex—concave in 0=(X;+&(Y1,Z)), with the inflection
point given by O(inflection)=(In a)/b+c and an upper
asymptote of 1. The upper boundary is only important when
the animals are near that boundary (which they are not in the
results presented in this paper). Otherwise the general
behaviour will be similar (see Mangel & Clark 1986). A dry
ewe requires approximately 6 MJ net energy day™' (ARC
1980). During summer days in northern latitudes, there are
approximately 13-14 h of daylight. For an animal to meet its
daily energetic requirements, it must end the daylight por-
tion of the day with a store of 2-67 MJ (i.e. sufficient quantity
to survive the non-grazing hours of darkness). This quantity
is equivalent to 7-6 units of X (see Appendix 2). We set the
parameters a, b and ¢ so that equation 1 is approximately 0
when 6 =0 and approximately 0-95 when 6=7-6. One set of
numbers that achieves this is {7,1-2,1}. We use this set as
our default parameters (see Appendix 3).

This function can easily be scaled to consider variable
day length (i.e. number of daylight hours) or physiological
state (e.g. lactating). Consider a day that has only 10h of
daylight. To meet its daily energy requirement, the animal
must survive the daylight portion of the day with an energy
store of 3-5MJ or 9-96 units of X. A set of parameters that
satisfy the conditions that equation 1 is approximately 0
when 6=0 and approximately 0-95 when 6=9-96 is
{5,0-6,2}. These values are used in the numerical examples
of the effects of day length on the grazing behaviour of dry
ewes. A lactating ewe requires approximately 17-5MJ net
energy day~' to meet its energetic requirements. To do this
in 13-3h of daylight, the animal must survive the daylight
day with 14-17 MJ or stored energy of 40-31 units of X. A set
of parameters that satisfy the conditions that equation 1 is
approximately O when 8=0 and approximately 0-95 when
0=40-311is {1,0-2,23}. These values are used in the numeri-
cal examples of lactating ewes. Other combinations of phys-
iological states and day lengths are easily calculated.

Gladstein, Carlin & Austad (1991; see also Houston,
McNamara & Thompson 1992) have pointed out that the
solutions are sensitive to the form of the terminal reward
function and that sensitivity analyses should be performed.
The three terminal reward functions used to generate the
results in this paper are shown in Fig. Al. Changing the
shape parameters has the effect of changing the inflection
point and changing how rapidly the function reaches its
asymptote. We have equated these changes with changes in
the animals’ environment (e.g. day length) or physiological
condition (e.g. lactating). We have tried other parameter
values, and they cause the optimal policy to change in obvi-
ous directions, as illustrated in the Results.

Appendix 2. State variable dynamics

This appendix dicusses specific forms of the functions and
equations used to calculate the state variable dynamics in
the numerical examples contained in this paper.

THE 8(-) AND w(-) FUNCTIONS

Rumination assists in the physical breakdown of herbage
particles in the gut. It is sometimes referred to as delayed
handling, in that animals may defer some mastication during
eating by swallowing relatively large particles and then
masticating this material at some later time via the process
of rumination. The physical breakdown of particles in-
creases the speed with which material is digested and the
speed with which it flows through the gut. This breakdown
may also liberate a small fraction of material that would
otherwise have been indigestible (e.g. through the break-
down of the cell wall). The function 8(-) serves the latter
purpose and the function ®(-) serves the former purpose.

In the numerical examples contained in this paper, 8(-)
takes the following form:

8(Z,)=0-02Z,. eqn Al

That is, we assume that the additional mastication makes 2%
of the material that would otherwise have been indigestible,
digestible.

We assume the following form of the w(-) function in all
numerical examples:

o(-)=2(:). eqn A2

That is, we assume that for the period of rumination, the rel-
evant rate constant (see equation 3) is increased by a factor
of 2. In reality there is likely to be a lag before the increase
in flow rates occurs but this is omitted for the sake of sim-
plicity. These two parameters have their most significant
effects in determining optimal rumination durations. How-
ever, they also play a role in determining the optimal diet
composition.

DIFFERENTIAL FLOW RATES

For the numerical examples used in this paper we approxi-
mate parameters for sheep grazing perennial ryegrass and
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Fig. A2. The approximation method used for absorption
rates in this model: (a) the accumulation of stored energy
through digestion for clover (—) and grass (---) and the
approximation which is used to approximate the clover line;
(b) shows the same information except that it represents the
disappearance of digestible material from the gut.

white clover (see Appendix 3). Two differences between
these species are rate of absorption and rate of flow through
the gut. Although both species have a similar overall
digestibility, the sparse evidence available suggests that
clover is absorbed and passed at about twice the rate of grass
(Losada 1983). The state variables that describe the gut fill
do not distinguish species composition. Furthermore, it is
computationally intractable to do so (the number of compu-
tations increases exponentially with increasing dimensions,
this is known as ‘the curse of dimensionality’). However,
we can take account of this difference in rates by using the
following approximation.

Assume that all material in the gut is absorbed or passed
at the rates associated with grass (i.e. T,=7, , and T,=7T,,).
In the model, when grass is ingested, it is partitioned into
two components: the fraction of digestible material (k; from
equation 4) and the fraction of indigestible material (1-x;
from equation 4). In order to approximate the absorption and
passage rates of clover, we assume that when clover is
ingested it is first partitioned into the same two components.
However, these two components are each partitioned into a
further two components. In the case of the digestible mate-
rial, this is partitioned into a quantity that is digested

instantly and a quantity that is digested normally following
the rate constant used for grass. For the indigestible material
a similar partition is constructed: a quantity that is passed
instantly and a quantity that is passed normally according to
the rate constant for grass.

First, consider the digestible material. The state dynamics
for digesting a diet of pure clover would be:

Xf+ 1=Xf+2YfTa,g£_a
Y =Y(1-2(Th 4Ty 0))-

We wish to approximate this over a period of 13-3h (which
is used as the standard day length throughout the numerical
examples). To do this, suppose that Yg=A, Y5 is the approxi-
mated amount of digestible material that will be digested
normally, The term 0<A,<1 represents the fraction of the
total digestible material at the start of the approximated
period (i.e. time 0), Y5 Also, let Xg=(1-A,)Y5e be the
amount of energy that is absorbed instantly into the stored
energy state variable. Then, the dynamics of the approxi-
mated variables are:

X=X Y T,,08
Y?.,, 1 =Y‘t’( 1 _Ta.g_Tp,g)~

The object is then to choose A, such that:

100
min(z<<xz‘—x:>2+<r7—r:>2>).

A, \1=0

That is, we chose A, such the the sum of the squared differ-
ences between the actual state variable dynamics and the
approximated state variable dynamics is minimized over
100 discrete time periods. We solved for this approximation
numerically to the nearest 0-005 and found A,,=0-700 to be
the best fit. This approximation is illustrated in Fig. A2. The
areas between the lines representing the dynamics of clover
and the approximation are being minimized. The dynamics
of grass is shown as a dashed line for illustrative purposes
and is not considered in the approximation.

The approximation for passage rates can be solved in a
similar way, but as it depends only on the dynamics of Z, it
is reasonably approximated by A,=0-5. For grass and
clover, sensitivity analyses suggest that the solutions are rel-
atively insensitive to the value of this parameter.

The above approximation is only one way in which to
approach this problem. Obviously the approximation will be
critical to the quantitative predictions of the model. Any
approximation, however crude, which reflects a difference
between the absorption and passage rates between grass and
clover, will tend to produce similar general solutions. We
have tried other approximations and other, values of this
approximation and it seems to make little difference to the
general form of the solutions.

Thus, throughout the numerical examples presented in
this paper, equation 4 is true for grass, and for clover we
used:

max X if X,,;>max X

b XY e+(1- .

X ="' K;E‘fy,-](s—ai ) if 0<X,, <max X
if X,,,<0

vy o Y-t~ IHMGEY] if Y +Z,,< eqn A3

#= vt otherwise
Zb3 = Zr( I_Tp)+>\’z( 1_KI)E [Yx] if ¥, t+1 +Zl+ 1 511

! Z(1-t,) otherwise

which reflects the above approximation.
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Table A1. Default parameter values, meanings and references

Parameter Meaning Value Scaled value Reference and notes
ab,c Shape parameters Appendix 1
Y, Intake rate species i 0-5-4-5 0-05-0-45 Penning, Rook & Orr 1991
T, Absorption rate 0-264 0-0264 Losada 1983
T, Passage rate 0-666 0-0066 Losada 1983
g DM min™" Y units !
o, Metabolic cost of 12898-9 0-29 ARC 1980
activity J min™ X units £
o, Metabolic cost of 6103-38 0-139 ARC 1980
resting or ruminating J min™ X units 1!
KpK, Proportion of herbage i=j=0-8 Alderman 1984
that is digestible
max X Maximum amount of 17-578 MJ 50 X units
energy the animal is
capable of storing
n Gut capacity 2kg DM 25
Y or Z units
1 Subunits of time 1 min 1/81¢
Wy Predation hazard when 0/2000 death 0-00000 Default value
resting or ruminating day™ deaths '
W45 Predation hazard =~1/2000 death 0-00001 Default value
when active day” deaths '
t Diserete time unit 8 min 1t 100¢=13-33h
X Stored energy max =50 351560 J=1 unitX
min=0
Y Digestible gut fill max =25 80g DM =1 unit Y
) min=0
VA Indigestible gut fill max =25 80g DM =1 unitZ
min=0
€ Energy conversion 0-6057 2:48(Y)=X Alderman 1984
efficiency
PPy Probability of finding
plant species in one
subunit of time
A, Approximation of 07 Appendix 2
absorption rate
A, Approximation of 0-5 Appendix 2
passage rate

Appendix 3. Parameter values and solution

generation

The stochastic dynamic programming equation is solved
using backward induction. This yields an exact solution for
the optimal behaviour in every combination of time and
state. The optimal policy, as it is known, is then simulated
forward in time for 10 ‘animals’ with the initial states of
Xo=2, Yy=0, Zy,=0, and the results are expressed as means.
Linear interpolation was used to evaluate the expectation of
the terminal reward function when state variable dynamics
resulted in non-interger changes of state. Table Al shows
the default parameter values used unless otherwise stated.





