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Suggested Answers to
Odd-Numbered Questions

Al

A3

A5

(a) This Monte Carlo study examines the
sampling distribution of the average of 25 num-
bers drawn from a distribution with mean 2 and
variance 9. The average of N numbers drawn
randomly from a distribution with mean x4 and
variance 02 has a sampling distribution with
mean u and variance ¢ %/N.

(b) Abar estimates the mean of this sampling
distribution, so should be close to 2.

(c) Avar estimates its variance, so should be
close to 9/25 = 0.36.

(a) This Monte Carlo study examines the sam-
pling distribution of the fraction of successes i
in a sample of size 50 where the probability of
success is 20%. When the true probability of
success is p, for a sample of size N then 4 has a
sampling distribution with mean p and variance
p(1-p)/N.

(b) hav should be an estimate of 0.2.

(c) hvar should be an estimate of p(1-p)/N which
here is (0.2)(0.8)/50 = 0.0032

(d) wav estimates the mean of the sampling dis-
tribution of the estimated variance of A, and so
should be approximately 0.0032.

Create 44 observations from a normal distribu-
tion with mean 6 and variance 4. Calculate their
average A and their median B. Repeat to obtain,
say, 1000 As and 1000 Bs. Find the mean of the
1000 A values and the mean of the 1000 B values

A7

A9

and see which is closer to 6. Calculate the vari-
ance of the 1000 A values and the variance of
the 1000 B values and see which is smaller.

(i) Choose values for a and b, say 2 and 6 (be
sure not to have zero fall between a and b because
then an infinite value of 1/x*> would be possible
and its distribution would not have a mean). (ii)
Get the computer to generate 25 drawings (x val-
ues) from U(2,6). (If the computer can only draw
from U(0,1), then multiply each of these values
by 4 and add 2.) (iii) Use the data to calculate A’s
estimate A* and B’s estimate B*. Save them. (iv)
Repeat from (ii) 499 times, say, to get 500 A*s
and 500 B*s. (v) Obtain the mean m of the distri-
bution of 1/x* either algebraically (the integral
from a to b of 1/(b—a)x*) or by averaging a very
large number (10,000, say) of 1/x* values. (vi)
Estimate the bias of A* as the difference between
the average of the 500 A*s and m. Estimate the
variance of A* as the variance of the 500 A*s.
Estimate the MSE of A* as the average of the
500 values of (A* — m)>. Compute the estimates
for B* in similar fashion and compare.

The bias of §* is estimated as the average of the
400 B *s minus B, the variance of which is the
variance of 8 * divided by 400. Our estimate of
this is 0.01/400. The relevant ¢ statistic is thus
0.04/(0.1/20) = 8 which exceeds the 5% critical
value, so the null is rejected.
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(a) The expected value of X is u, but the
expected value of a nonlinear function of X is
not the nonlinear function of u«, except in large
samples.

(b) Use an estimate of the formula for the
variance of a nonlinear function.

re@*)=[37]r(x)=o%" (%): 2%

(¢) (i) Choose a value for u, say 2, so that =8.
(i1) Generate 27 values of x drawn from N(2,6).
(iii) Use the data to calculate 6% and V*(0 *).
Save them. (iv) Repeat from (ii) to get 5000
0 *s and 5000 V* (6*%)s. (v) Estimate the true
variance of 0 * by the variance of the 5000 0 *s
and see how close the average of the 5000
V*(0 *)s is to this value.

(a) This process is estimating the variance of a
random variable w by three different formulas
differing only by their divisors. Since dividing
by N-1 produces an unbiased estimate of this
variance, the average of the 4000 a values
should be closest to 4, the true variance of w.
(b) Dividing by a larger number shrinks the
variance estimate towards zero, making its
variance smaller, so the variance of the ¢ values
should be smallest.

(c) Step (viii) estimates the MSEs of the three
estimators. Since dividing by N+1 produces the
estimate with the smallest MSE, C should be
the smallest.

Set variables “stick” and “switch” equal to zero.
*Set variable “switchguess” equal to four. Draw
anumber x from a distribution uniform between
0 and 3. Set variable “door” equal to 1 if 0 <x <
l,equalto2if 1 <x<2,andequal to 3if2<x
< 3. Draw a number y from a distribution uni-
form between zero and three. Set “doorguess”
equaltooneif0<y<1,equaltotwoif 1 <y<?2,
and equal to three if 2 <y < 3. If door = 1 and
doorguess = 2 or 3, set switchguess = 1; if
door = 2 and doorguess = 1 or 3, set switch-
guess = 2; if door = 3 and doorguess = 1 or 2, set
switchguess = 3. If doorguess = door, add one to
“stick” and if switchguess = door, add one to
“switch.” Repeat from * until, say, a thousand
x values have been drawn. For any original guess,

B1

B3

BS

B7

B9

sticking should work one-third of the time, but
as is evident from the Monte Carlo structure,
switching should work two-thirds of the time.

k = 3/4, found by setting the integral of kx(2—x)
from O to 2 equal to one. E(x) = integral from
0 to 2 of 3x*(2-x)/4 = 1. V(x) = Ex> — (Ex)* =
1/5.

Try supply of 100. All units are sold and profit
on each unit is $5, so expected profit is $500.
Try supply of 200. All units are sold with a
probability of 0.95, with profit of $1000. With
probability 0.05, only 100 units are sold, with a
profit $500 on the units sold but a loss of $1000
on the units not sold for a net loss of $500.
Expected profit is thus 0.95(1000) + 0.05(-500) =
925. Try supply of 300. All units are sold with a
probability of 0.85, with a profit of $1500; with
probability 0.1 only 200 units are sold, with net
profit of zero; and with probability 0.05 only
100 units are sold, with a net loss of $1,500.
Expected profit is thus 0.85(1500) + 0.1(0) +
0.05(—1500) = 1200. For supply of 400 expected
profit is 1100. That the supply of 300 is the
supply that maximizes expected profit can be
verified by calculating expected profit for sup-
plies of 299 and 301. The variance of profit
if supply is 300 is calculated as 0.85(1500—
1200)*> + 0.1(—1200)* + 0.05(-1500—-1200)* =
585000.

The probability of finding a minimum price of
$2 is 1/8, namely the probability of checking
three stores all of which have a price of $2.
Expected price is thus 2 X (1/8) + 1 x (7/8) = 9/8.
(a) True. If o* is unbiased in small samples it is
also unbiased in large samples.

(b) False. Asy Var(a*) = (1/N) limN(4a/N +
160%/N*) = 40/N

(¢) True, because o* is asymptotically unbi-
ased and the limit as N goes to infinity of its
variance is zero.

(d) Uncertain. Do not know about other esti-
mators, or if o* is MLE.

(a) Both have mean 5%. 1 has variance 30%> x 6
= 5400; 2 has variance 3 x 10% x 6 = 1800.

(b) Variance of 2 becomes 10°> x 6 + 10 (6 — 2
X3+ 6)=1200.

(c) False. In example of part (a) above, positive
correlation will raise the variance of 2 above
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B11

B13

B15

C1

C3

C5

1800, but it will not make it as large as 5400.
Perfect correlation would make the variance
5400.

(d) False. Although it will have zero variance,
it will have an expected return of 5%.

(a) The expected value of x is (A-10)/2; setting
the mean of the data x equal to the mean of the
distribution we get A™™ = 2x + 10.

(b) V(A™™) = 4V(x)/N = (A-10)%/3N.

The formula for the variance of a nonlinear
function of a random vector produces V(oc* %) =
B2V(o) + o2 V(B*) + 200 B+ C(or*, ) which
when evaluated at estimated values yields 0.49,
so the estimated standard error is 0.7.

V(y) = 2V(x) + 2C(x,, x,_)])/4. V(x) = 6%/0.36,
calculated by squaring both sides of the expres-
sion for x,, taking expected values and solving
for V(x) = E(x?) = E(x,_%).

C(x, x,_;) = 0.8V(x), calculated by multiplying
through the expression for x, by x,_, and taking
expected values. Using these values, V(y) =
2.5 02

(a) Unbiased,; it is as likely to be too steep as to
be too flat, depending on the chosen observa-
tion. B, = y/x, = B+ €/x, so EB; = B, where i
denotes the chosen observation.

(b) Variance is 0*/(x;), the variance of &/x;.

(c) Choose the observation with the largest x
value, to minimize variance.

(d) No. As the sample size grows, the variance
does not shrink to zero.

(a) All three are unbiased. The variance of b***
is (8 +4)/2> = 3.0, the smallest of the three, so it
is preferred.

(b) Any weighted average of the two unbiased
estimates is unbiased, so one should choose
that weighted average that minimizes variance.
Choose the estimator af* + (1—a) b** whose
variance, 8a’ + 4(1-a)?, is minimized for
a=1/3.

(c) Pool the two data sets and run a single
regression.

(a) b*** is unbiased, so choose a to minimize
its variance: a = Vb**/(Vb*+Vb**),

(b) When b* is a very precise estimator (Vb*
small), more weight is given to b* in the
weighted average, and similarly when b** is
very precise more weight is given to b**.

Suggested Answers to Odd-Numbered Questions 3

C7

D1

D3

El

F1

F3

For the special case in which an estimator is
perfect (zero variance), it is given 100% of the
weighting.

(a) The average is unbiased with variance (V, +
Vp)/4. The first estimate’s variance, V, is smaller
than this if Vj is more than three times the size
of V,.

(b) No because in this case the unweighted
average is not the optimal way of employing
both pieces of information.

When MSE of zero (1?) exceeds MSE of the
sample mean (c¥/7).

MSE(S**) = a*VB* + (af/—p)* , minimized for
a = PHUVP+B?). It is not used more often
because it involves  which is unknown.

(a) The distribution of prices is a horizontal line
of height one between one and two. The proba-
bility that p is the minimum price is the proba-
bility of obtaining price p in the first store and
any price greater than p in the second store, plus
the probability of obtaining price p in the sec-
ond store and any price greater than p in the first
store. Both these probabilities are (2—p), so the
distribution of the minimum price is 2(2—p) for
1 < p < 2. Expected price is thus the integral
from 1 to 2 of 2p(2—p) which is 4/3.

(b) Have the computer produce two values
from a U(1,2) distribution. Save the smaller
value. Repeat this procedure to obtain a thou-
sand such numbers, say. Average these thousand
numbers.

(a) Qis the average R? from a regression restrict-
ing the w slope coefficient to be zero. By allow-
ing the computer to use w it will be more
successful in minimizing the sum of squared
errors and thus R*> will be higher, so S will be
bigger than Q.

(b) Adjusted R? corrects for the addition of an
irrelevant explanatory variable and so AQ and
AS should be roughly equal.

(a) (i) Select values for ¢, B, 8, and o the vari-
ance of the error such that f is positive and & is
negative because of the context. (ii) Have the
computer draw 25 errors from N(0, ¢?). (iii)
Use these errors, the parameter values and the
data on y and r to calculate 25 m observations.
(iv) Regress m on a constant, y and r to get
B*. Save it. (v) Regress m on a constant and y
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F5

G1
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to get B**. Save it. (vi) Repeat from (ii) 599
times, say, to get 600 B*s and 600 f**s. (vii)
Use the 600 B*s to estimate the bias, variance,
and MSE of f*. Do the same for f** and
compare.

(b) Results expected are those associated with
an incorrectly omitted (non-orthogonal)
explanatory variable. * should be unbiased,
whereas [** should be biased (in this case
upwards) but with a smaller variance than 3*.
(¢) Positive correlation between y and r would
cause the bias to be negative.

(d) Bias would be zero.

(a) Reduction in bias, variance, or MSE.

(b) (i) Choose values for o, ¢, o, 04, and 02,
the variance of & making sure that o, + o, = 1.
(i1) Choose sample size, say 35 and obtain 35
values of x, g, and w, ensuring that they are not
orthogonal. (iii) Get computer to generate 35
errors from N(O, 0?). (iv) Use these errors, in
conjunction with the parameter values and the
observations on the independent variables, to
calculate 35 y values. (v) Regress y on a con-
stant, x, g, and w. Save o4*. (vi) Regress (y—¢q)
on a constant, (x—q) and w to get the restricted
least squares estimate ¢, **. Save it. (vii) Repeat
from (iii) 499 times to obtain 500 o,* values
and 500 o,** values. (viii) Use the 500 values
of a;* to estimate its bias, variance, and MSE.
Use the 500 values of o,** to estimate its bias,
variance, and MSE. Compare.

(¢) Both should be unbiased. The variance and
thus the MSE of o;** should be smaller.

(d) o** would be biased, its variance would
still be smaller, but it is not possible to say
which will have the smaller MSE.

(a) Perfect multicollinearity between the con-
stant term and x. Estimation is not possible.
(b) False. The CNLR model requires that the
errors be distributed normally, not that the val-
ues of the independent variable come from a
normal distribution.

(¢) True. This would imply that the variance of
the error was not the same for all observations,
violating one of the assumptions of the CLR
model.

G3

G5

G7

G9

G11

G13

(d) Uncertain. It depends on the criterion we
adopt. A biased estimator, for example, may
have a lower MSE.

No. Its inclusion creates perfect multicollinear-
ity with the constant term, making estimation
impossible.

Write the relationship as E = o+ Y + 6F + €
with F = n + 6Y + u where € and u are error
terms. Substitution yields E = o+ 01 + (+60)Y
+ £+ Ou. Regressing E on a constant and Y will
produce a slope coefficient estimate which esti-
mates (B+060) rather than B. If 66 were negative
this OLS estimate could be negative. This could
occur, for example, if § were positive (expendi-
ture is higher for a bigger family size, which
seems reasonable) and 6 were negative (family
size is smaller when family income is larger,
which is possible).

Since the sample x values are all positive, the
off-diagonal elements of the X'X matrix are
positive and so the off-diagonal elements of the
(X’X)™! matrix are negative, implying a negative
covariance between o°“° and B°S. Thus if
ﬁOLS is an overestimate, it is more likely that
o is an underestimate. Draw an upward-
sloping line to represent the true relationship in
the NE quadrant. Drawing in an estimating line
with a higher slope, crossing the original line at
the average of the y values, produces a lower
intercept.

(a) Consider the data measured as deviations
from their means. Then §°%° = Zsy/Zy? =
T(y—C)y/Zy? = 1-Zey/Zy? = 1 — fOL5,

(b) True. The residuals are the same for both
relationships. s = &%y + %5 implies ¢ =
OISy 4+ €OLS,

(c) False. SSE is the same, but the variation in
S is less than the variation in C (assuming S >
0.5), so SST differs.

(a) All are unbiased. Variance of p* is
0 YZ(x—x ), of B** is 0 ¥Zx?, of B#* is No¥/
(Zx)?, and of f**** is (0%N?) Z(1/x?).

(b) All are linear and unbiased. Thus choose
B** because it is the BLUE.

Both are easily seen to be unbiased. V(y)= c%/N.
and V(B X )=(x HV(B*)=[(Zx)/(NZx*)I(0?/N)
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G15

G17

G19

H1

H3

HS

which is less than 0?/N unless x is a constant, in
which case it is equal to o%N. Thus prefer
ﬁOLS )_C .

False. The 0.73 is one drawing from the sam-
pling distribution which is centered at the true
value of the slope parameter with a standard
error estimated by 0.2.

Work backwards to discover that the original
functional form is y = Ae¥K“LPso that the inter-
cept is an estimate of &, the growth rate from
technical change.

(a) R? and all parameter estimates are zero.

(b) Intercept estimate zero, yhat coefficient
estimate one, and R> = 0.8.

(c) Intercept estimate is the average y value,
ehat coefficient estimate one, and R> = 0.2.

(a) OLS is unbiased so mean is 3. Variance is
0YZ(x—x )2 Calculate numerator as E€ = 1/2,
and denominator as sz—N)?z =20, so vari-
ance is 1/40.

(b) Estimator is unbiased because restriction is
true, so mean is 3.

Variance is c%/Zx* = 1/60.

(a) Substitute R = P — D in the estimated equa-
tion to get

D, = (1 - 0.891)P, + 0.654 D,_, + (0.622 —
0.654)P,_ , with the same residual. The d statis-
tic is calculated from the residuals, so it should
be the same. R? is different because there is a
different dependent variable and thus a differ-
ent SST.

(b) The first standard error is the standard
error of 1 minus the 0.891 estimate which is
just the standard error of the 0.891 estimate,
namely 0.027. Similarly, the second standard
error is 0.092. The third standard error is
the standard error of the 0.622 estimate
minus the 0.654 estimate, estimation of which
requires knowledge of their estimated
covariance.

(a) Guess is 20°%5 + 9% + E(dice) =—6 + 18 +
35=47.

(b) Expected payoff is 60 — V(W)
60 — V(2oPYS + 9By — V(dice) = 60
4V(0PYS) — 36C(oPS, OISy — 81V(BPS) —
29.2 =30.8 — 0.290* where o2 is V(¢).

Suggested Answers to Odd-Numbered Questions 5

I1

I3

IS

17

19

I11

113

J1

(¢) SSE =10,300 — 500 = 9,800, so s* =100, so
estimated expected payoff is $1.80.

(a) True. On the Ballentine, use one circle for
v, one for x and the third for the time trend. Call
the area used by the computer to estimate the
coefficient on x the blue area. The overlap of
the residuals from regressing y on time and
from regressing x on time is the blue area.

(b) False. Both numerator and denominator of
R? have the same area removed, changing its
value.

Suppose Iny = o+ ffx was estimated in 1981. If
the relationship is unchanged, then In(y/1.2) =
o + PBx should hold for the 1985 data. This
implies Iny = & + Inl.2 + fx suggesting that if
the data are not scaled to 1981 dollars the slope
coefficient should be comparable to the 1981
slope estimate, but the intercept estimate will not
be comparable to the 1981 intercept estimate.
w* = 100w — 1, so w = 1 +w*/100. The new
relationship is y = 300 + 6w = 300 + 6(1 +
w*/100) = (300 + 6) + (6/100)w*. This implies
that the new slope coefficient estimate is 6/100
with estimated standard error 0.011, and the
new intercept coefficient estimate is 306 with
estimated variance 25+ 1.1 +2 x 0.5 =27.1.
New relationship is y = o + (5/3)(3x) + € so
intercept estimate remains unbiased but slope
estimate is now an unbiased estimate of /3.
New relationship is 2.2(W/2.2) = —180 + 5.0 x
(2.5H)/2.5 which becomes (W/2.2) =—180/2.2 +
5.0 X (2.5H)/(2.5 x 2.2) so that the new inter-
cept is 81.8 with variance 4 X (2.2)=0.83, and
the new slope is 0.91 with variance 1 x (2.5 x
2.2)2=0.033.

The research assistant must have measured
returns differently. In particular, 6% must have
been measured as 0.06 rather than 6.0.

New relationship is Inw=1+2ed -2 X 12 +2 X
12 4+ 0.5male + 0.2ed x male — 0.2 x 12 x male +
0.2 x 12 x male + 3 X exp — 0.lexp®> which
becomes

Inw =25+ 2(ed — 12) +2.9male + 0.2(ed — 12) X
male + 3 X exp — 0.1exp*

Uncertain. With the help of the extra regressor
minimizing SSE cannot be less successful, so
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SSE should remain the same or fall, suggesting
that the estimate of ¢2 should remain the
same or fall. If 02 is estimated with a correction
for degrees of freedom, however, it is possible
that SSE could change by such a small amount
that the reduction in the denominator of the
estimator could cause the estimate to
increase.

In general, the variance of b* is larger than that
of b**, but in general the estimate of the vari-
ance of b** is biased upward, so no firm con-
clusion can be drawn concerning these relative
magnitudes.

Expected pay = 10 — V(a®5) —2C (a5, pP5) —
V(PSS =10-15+12-3 =4.

Estimate is 6* the sum of the estimated slope
coefficients * of experience and y* of years
with current employer. To calculate a confi-
dence interval we need to estimate the variance
of this estimate. This could be done by using the
formula for the variance of the sum of two ran-
dom variables. An easier way would be to sub-
stitute B = 6 — yinto the estimating equation to
create a new regression with 6 as one of the
parameters. OLS estimation will produce &*
and its estimated variance.

A little algebra shows that 6 = X sB- By) =
X Q([}W ﬁB) which takes the form Ax where is
A is a matrix of constants and x is a random
variable thh Variapce V(x) the sum of the vari-
ances of By and S. The required variance is
then obtained using the formula AV(x)A”.

We want to estimate A = 40083 + 6. Substitute
6= A - 4008 to get a new estimating equation
P = a+ B (sqft — 400FR) + ybeds + nbaths +
AFR + €.

False. Imposing any constraint, regardless of its
truth, inhibits the minimization of SSE and thus
lowers R°.

To incorporate the restrictions we regress
(y—2w) on (x—w) without an intercept so that
Bt = Z(—2w)(x—w)/Z(x—w)> = 90/14 and
B+ =2-B* =—-68/14.

(a) Regress y on a constant, (2x+w) and z.

(b) Smaller, since minimization of SSE is
inhibited.

(¢) Yes, since the restriction is true.

K7

L1

L3

v (8%)=

(d) Smaller, since incorporating more informa-
tion into estimation produces more efficient
estimates.
(e) Answers to (b) and (d) are unchanged.
Answer to (c) is that 8 estimate is in general
(i.e., when the regressors are correlated) now
biased.
(a) Substituting the relationship for f; we get
Yy =0+0x,+ (0 +6,+0,)x,_, +
(8, +26,+46,)x,_,+(5,+36,+95, ) x,_,
=a+6, (%, +x,_ +x_,+x,;)+

51 (X,,l + 2xt—2 + 3xr—3 ) + 52 (xz—l + 4xr—2 + 9xr—3 )

(b) B¥=4,B*=5, B* =4 and B;* = 1.
(c) B* = Ad* where A is a 4x3 matrix with first
row (1,0,0), second row (1,1,1), third row
(1,2,4), and fourth row (1,3,9). V(B*) = AVA".
X is a column of ones, of length N. X'X = N.
XX)"'=1/N. X'y =Zy.
B85 = ybar. (XX)' Xe=£. V() = 6¥N.
That the OLS estimate of u is the sample aver-
age, and that its variance is 6%/N are well known
and could have been guessed.
(a) The restricted OLS estimator is given by
B = OS5 + (XX)y'RTRX'X) 'R (r—R°™)
EB* =B+ (X'X)'R[R(X'X)"'RT'(r—Rp) so bias
is X'X)'R'[RX'X)"'RT'(r—Rp).
b)) (pr—Ef*)=p+(XX)" Xe+(XX)"

R’[R(X’X)" RT

(r-rB-R(XX)" X

{ R'R

(XX)' X'e

> i

] 4}

E(ﬂ*—Eﬂ*)(ﬂ*—Eﬂ*)’
- E{I—(X'X)‘1 R[R(xx)" R'T R}
(XX)' X'eg'X (XX)"
{I— RR(x%)" RT R (X'X)_l}

=o {l—(xﬁ()" RR(x%)" R’]_l R}(X?()’1
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L5

L7

R’[R(X’X)" R’]_l R(XX)"]

Thus V(B°%%) — V(B%) = o*(X'X)'RR(X'X)"
RT'R}(X'X)™" which is seen to be nnd.

NOTE: A quicker way to get V(f%) is
to write

b= XX)'RRXX)'RT'r+ {I- (XX)'R'[R
(XvX)—er]—lR}'BOLS A+ BﬁOLS

so that V(¥) = BV(°S)B".

(a) Let an alternative linear unbiased estimator
be [x,(X'X)"' X'+ d]y. Unbiasedness implies that
dX = 0. Then find the variance—covariance
matrix of this alternative estimator and show
that it must be greater than that of x,8°"S for d
nonzero.

(b) x, 8% — yo = x,(XX) ' X'e - &,

(©) o°[1 + x(XX)'%y’]

(d) Minimize x,(X'X)'x,’ — 24 (Rx,'~1) with
respect to x,’, where R is a row vector whose
first element is unity and all other elements are
zero. First partial is 2(X'X)"'x,' — 2AR’ whence
the required value of x," is [R(X'X)RT'X'XR".
The special nature of R makes [R(X'X)R™
equal 1/N and X'XR' equal the first column of
X'X which is the sums of all the regressors.
Thus [R(X'X)RT'X'XR' is the average of all the
x values in the data.

(a) E6* = Ea'(XB + €) = a'X3 so a'’X must equal
¢' for unbiasedness.

(b) V(6%) = Ea'ec'a = c*a’'a

(¢) Minimize 0%a'a — 2A'(X'a—c) with respect
to a. First partial is 20%a — 2XA. Solving for a
we get X(X'X)™'c so that 6% = ¢'f°S.

(d) Pick c to be a vector with ith element unity
and all other elements zero. This result shows
that the ith element of S is the BLUE of the
ith element of B. Repeat this for all i to show
that f°LS is the BLUE of 3.

(e) If c is a vector of values of the independent
variables associated with the dependent vari-
able for which we wish a forecast, this result
shows that ¢'f°1S is the BLUE forecast.

Suggested Answers to Odd-Numbered Questions 7

L9.

M1

M3

N1

N3

NS

N7

EOSSE = 00*(N-K) so bias = 0’[6 (N-K)—1].
V(6SSE) = 26°c (N-K). Thus MSE(6SSE) =
o'10 (N-K)-1T> + 266" (N-K).
Minimizing with respect to
1/(N-K+2).
(a) Write X as [X,' X, Then X'X = X,'X, +
X,'’X, and X'y = X'y + X,y so that

M= [X/ X, + X, X1 [X) y + X, 9]
= [X/ X, + X' X, X/ X, B + X,'X, 3,
(b) The weight for B,°%S is the ratio of the
sum of the x squares for the first data set to the
sum of the x squares for both data sets. This
makes sense because the bigger the sum of
x squares for a data set, the more precise is
its estimate, so the bigger weight it should
have.
Use pooled formula from M1(a) above, calcu-
lating (X,'X,)™, for example, from the variances
and covariances of A's regression, divided by
A's estimated error variance. This produces
pooled estimates of o and f of 126/33 and
96/33, respectively.
It is a solution in the sense that it may lower the
MSE of other coefficient estimates. The bias
introduced by dropping the variable could be
more than offset (in terms of MSE) by the
reduction in variance.
False. t statistics may be small, but this
smallness reflects accurately the lack of preci-
sion with which coefficients are estimated.
Inference is not biased. Although variances
get bigger, estimates of these variances get
bigger as well, keeping variance estimates
unbiased.
False. The explanatory variables could
together do a good job of explaining variation
in the dependent variable but because of
collinearity each individually has a low ¢
statistic.
Questionable proposal because although it
reduces variance, it introduces bias in the
estimate of B, by giving x, credit for all
variation in y that matches joint variation
in x, and x,. Note that the [, estimate is
unaffected. The Ballentine exposits this
neatly.

6 gives
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Problem is multicollinearity, probably between
the two price indices, and possibly between YD
and POP. Address the former by replacing the
price indices by their ratio, something that
makes better economic sense. Address the latter
by dropping POP; there is no good theoretical
reason for its inclusion, since the consumption
data are in per capita terms.

(a) Zxy/(Zx* + k).

(b) ZX(Zx* + k) = 1/(1 + k/Zx?).

(c) Optimal shrinking factor is that minimizing
MSE = *(1-6)* + 0>°0*/Xx*. This is minimized
for 0= B%(B*> + 0¥/Xx?) implying a value for k
of o/

(d) Neither o2 nor 32 are known.

() a'f°S = AX'X(X'X)"'X'y = A'’X"y which can
be calculated.

(b) EAX'y = EAX'(XB + &) = AX'XB = a'f.
V(AX'y) = EAX'ee’XA = o2 AX' XA

(a) The intercepts for the males and the females,
13 and 10, respectively, will not change. Call
the new intercept a and the new dummy vari-
able slope b. Then for males the intercept in the
new specification is a + 2b = 13 and for females
is a + b = 10. Solving this for a and b we get
a =" and b = 3, implying the new equation y =
7+ 2x+3D.

(b) For males we have a + b = 13 and for
females we have a — b = 10. Solving this we get
y=11.5+2x+ 1.5D.

(a) To avoid perfect multicollinearity.

(b) No. Need to test the dummy coefficients all
equal to one another, not all equal to zero.
Further, this should be done using an F test.
Restricted SSE from regression with intercept
and no dummies. Unrestricted SSE as described
in question. Numerator df = number of regions
minus one. Denominator df = sample size minus
number of regressors minus number of regions.
Nothing. When expressed in raw data instead of
logarithms, the dummy enters multiplicatively,
ensuring that its influence is commensurate
with the size of the economy.

(a) No intercept difference between southern
males and females.

(b) No intercept difference between northern
males and females.

(© B, +B,=0.

09

0o11

013

(d) The way in which dummy variables are
defined affects the way in which hypotheses
are tested.

(a) dlny/dK = = (1/y)dy/dK

(b) For males y = e%”¥e® and for females y =
e%PX so the percentage change in going from a
female to a male is 100(e%5¥e? — e%f¥)/e%fX =
100(e’-1)

(¢) It is a nonlinear function of 6°% and so its
expected value is not equal to the nonlinear
function of the expected value.

(d) If gis distributed normally, then 6°% is dis-
tributed normally with mean & and variance
V(PS). Thus exp(6°™S) is distributed log
normally with mean exp[d + 0.5V(&°"S)].
Thus exp[8°FS — 0.5V(8°F5)] is distributed with
mean e’. This suggests estimating 100(e’~1) by
100{exp[°%S — 0.5V*(8°5)] — 1} where the *
indicates an estimate.

(e) Expand exp(&°™®) in a Taylor series around
E&OS = §to get exp(8°85) = e+ (8°F5 — §)e’ +
(172)(8°5 — Syl + - .

Dropping higher-order terms and taking expec-
tations we get that Eexp(8°"S) is approximately
e [1 + (1/2)V(8°%5)] suggesting that 100(e’~1)
be estimated by 100{exp(6°"S) [1 + (1/2)V*
(&) -1}

It avoids the multicollinearity and improves R,
but is not a good idea. The coefficient on the
treatment dummy will measure the difference
between the base person in the treatment group
and the base person in the control group. This is
a case in which you need to write out the speci-
fication for each individual to deduce the cor-
rect interpretation of the dummy coefficient.
The intercepts are 4, 2.5, 6, and 1, for quarters 1
through 4, respectively. If the new regression
has the first quarter as its base, the new regres-
sion’s intercept has to be 4 to keep the first
quarter intercept unchanged (i.e., it needs to
increase by 3, the coefficient of D1 which will
disappear with the change in base). Because the
new regression’s intercept is bigger by 3, all the
other slope coefficients need to decrease by 3 to
keep their respective intercepts unchanged. The
D2 coefficient becomes —1.5, the D3 coefficient
becomes 2, and the D4 coefficient becomes —3.
The D3 coefficient is the old D3 coefficient
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015

P1

P3

PS5

(5) less the old D1 coefficient (3), so its vari-
ance will be the variance of the difference
between these two coefficient estimates, namely
the variance of the estimate 5 plus the variance
of the estimate 3 minus twice their covariance.
A more general way of solving here is to write
the new specification as y =a + 2x + bD2 + cD3
+ dD4. The intercepts will not change, so quar-
ter 1 intercept will be a = 4, quarter 2 intercept
will be a + b = 2.5, quarter 3 intercept will be a
+ ¢ = 6, and quarter 4 intercept will be a + d =
1. The new D3 coefficientisc=6—-a=1+5 -
(1+3)=5-3, soits variance is the variance of
(5-13).

(a) Savings of a person in the control group
before the experiment.
®)(6-p-(a+p-a)=0=56-y-

(©) y =+ Beontrol after + ytreat before

+(0+ y+ f)treatafter + £
= o+ [ (control after + treat after )

+ y(treat before + treat after )
+ Otreat after + £
= o+ [after + ytreat + Otreat * after + €.

(a) Intercept estimate is the estimate of y for
the females, and so must be 2, the average
of the females. The sum of the intercept and
slope estimates is the estimate of y for the
males, and so must be 3, the average value
of the males; this implies that the slope
estimate is 1.

(b) Numeratoris 6+2 —3 =5. Use 10(X'X)"" to
get variances and covariances, where X'X has
50 and 20 on the diagonal and 20 on the off-
diagonal. Denominator is square root of 9 X
2/6 +4 % 5/6 — 12 x 2/6 = 14/6.

(¢) As a standard normal; its square is
distributed as a chi-square with 1 degree of
freedom.

The new regression results are y = 10 + 3x —
6DM, so the numerator of the ¢ statistic is —6.
This —6 is obtained as 4 — 10, so its variance is
V(4)+V(10) —2C(4,10) =1 +4—1=4.The ¢
statistic is —3.

Set the thirty-fourth observation on Inw equal to
zero; the negative of the slope coefficient on the
observation-specific dummy is the forecast.

Suggested Answers to Odd-Numbered Questions 9

Q1

Q3

Q5

Q7

Setupd = o+ fy+ p + 6Dy + 6.Dg, + 6D,
where the notation is obvious — the base cate-
gory is winter. Perform an F test to test 6, = 6,=
6,. Obtain unrestricted SSE from regressing d
on a constant, y, p, and the three dummies.
Denominator degrees of freedom N — K =
48—6 = 42. Obtain restricted SSE by regressing
d on a constant, y, p, and a dummy that is zero
in winter and otherwise one (i.e., DSp + Dg, +
D¢,). Numerator degrees of freedom, the num-
ber of restrictions, are two. Slightly easier to set
up with one of spring, summer, or fall as the
base category.

Whether the coefficients’ differences are signif-
icant can be tested by testing whether the obser-
vation in question is consistent with the
relationship as estimated by using the other
observations. Use a Chow test in which this sin-
gle observation is the second data set. Easiest is
to use an observation-specific dummy.

(a) Test A significantly greater than zero using a
one-sided  test.

(b) (i) -6 (ii) —6.

(c) Test 6 = O using either a ¢ test or an F test.
Restricted SSE for F test comes from regress-
ing y on a constant, Ed, IQ, Ex, Sex, and a
dummy with value one if French only or if
English only, zero if bilingual (DF + DE).

(d) Test A + & = 6 using either a 7 or an F
test. Restricted SSE for F test comes from
regressing y on a constant, Ed, 1IQ, Ex, a
dummy with value two if a English-only male,
one for other males and zero for all others
(Sex + DE), and a dummy with value one if
French only or if English only, zero if bilingual
(DF + DE).

(e) Include a variable ExSex that takes the
value zero for females and the value of Ex
for males. Test its coefficient against zero with
attest.

Write A’s regression results as G = o + Y +
6,DM + 6,DO + §,DW and B’s as

G = ¢Y + A,DM + 4,DO + 1,.DW + 1,DQ.

(a) (i) 6, (ii) A, — A,. They should be the same
because changing dummy definitions has no
impact on estimates of fundamental parameters.
(b) (i) Do a ¢ test for 8, = 0. (ii) Do a  test for
A=A, or an F test in which the restricted SSE
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is obtained by regressing G on y, DM, DW, and
a dummy with value one for observations in
either Ontario and Quebec and zero elsewhere
(DO + DQ).

(¢) Run the regression G = o + BY + DM +
6,DW + 6YDQ, where YDQ is a variable taking
value Y for all Quebec observations and zero
elsewhere.

(d) Get restricted SSE from regression of part
(c). Get SSE unrestricted by running four
regressions, one for each region, adding
together the SSEs. Degrees of freedom for this
are K = 8. Number of restrictions J = 3.
Restricted SSE from regression given in the
question. Unrestricted by replacing CAT with
four dummies for categories 2 through 5.
Numerator df = difference between number of
parameters estimated in unrestricted versus
restricted regressions, in this case 8§ — 5 = 3.
Denominator df =N — 8.

(a) Write the relationship as y = ot + fBx + 6D +
6DX where the dummy D takes the value one
for x values greater than x* and zero otherwise,
and the variable DX takes the value x for x val-
ues greater than x* and zero otherwise. This
produces two different lines for x values above
and below x*, but does not guarantee that these
lines intersect at x = x*. For this to be true, o+
B = 0+ ox*.

Building this restriction into the estimating
equation above we get'y = 6 + &* — fBx* +
PBx+ 6D+ DX=0(+D)+Bx—-—x*)+0
(x* + DX).

(b) Testing continuity means testing whether
or not the two lines intersect at x* (so there is
no jump at that point), or that o + fx* = 6 +
ox*. Easiest way to do this is to use an F test
with the unrestricted regression that given at
the beginning of part (a) above, and the
restricted regression that given at the end of
part (a).

(a) Need a period-specific dummy for 1966, for
1967, for 1968, for 1969, and a dummy with
value zero before 1970, value one otherwise.
Estimating eight parameters.

(b) Five: o, B, and the three slopes of the cubic;
the cubic intercept is just o.

S1

S3

S5

S7

(c¢) Write the intercept during the transition
period as int(1965+i) = a + i + 0,i* + o058,
where i is the number of years since 1965, run-
ning from zero (for 1965 and earlier) to 5 (for
1970 and later). Write out the equation for each
time period in the data and substitute this
expression into this list of observations. It will
be seen that we should regress on an intercept,
x and the following three special variables:
variable w1 with value zero before 1966, value
1 in 1966, value 2 in 1967, value 3 in 1968,
value 4 in 1969, and value 5 otherwise; vari-
able w2 with values the squares of the wl val-
ues; and variable w3 with values the cubes of
the w1 values.

There is some truth in this if the distribution of
the errors is not known, but if this distribution is
known, building that knowledge into the esti-
mation procedure by using MLE creates better
estimates.

Let x be the unknown IQ. The score of 140 has
resulted from drawing x from N(100, 400), in
conjunction with drawing a testing error 140—x
from N(0, 40). The likelihood is (2m)'”
(1/20)exp[—(1/800)(x—100)2](27)""2(1/:/40)
exp[—(1/80)(140—x)?]. Maximizing yields x""F =
136.4. It is more likely that the score of 140 was
obtained by a person with a lower IQ who had
a lucky test, than by someone with an actual 1Q
of 140.

(a) B°% is BLUE, but oS is biased because
Ee=AM(A-1)=0.

(b) Yes. If A is known, E¢ is known, allowing
the bias in @®"® to be removed.

(¢) Yes. If A is known, o2 = V(¢) is known
(equal to A/[(A-2)(A-1)?]), implying that it
need not be estimated in the formula
oA(X'X)™.

(d) Use MLE to estimate all three parameters
simultaneously.

(a) The probability that x comes from group i is
(2m)*>(detZ) " exp[—(1/2)(x—uy) Z7' (x—ptp)].

It is more likely to have come from group 1 if
exp[—(1/2)(x—p ) '™ (x—p,)1/exp[—(1/2)
(=) 27 (x—ptp)] > 1

manipulation of which produces the desired
result.
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(b) The probability above for x coming
from group i must be multiplied by its prior
probability before proceeding. Further, if the
cost of misclassifying a group 1 observation is,
say, 10 times the cost of misclassifying a group
2 observation, then one would only classify
into group 2 if the probability of it being from
group 2 was at least 10 times the probability of
it coming from group 1, to ensure that the classi-
fication decision minimizes expected cost. This
implies that the numerator of the final expres-
sion in part (a) should be multiplied by 10.

Let x = g(w) where g is an unknown function.
Since the density of w is filw) = 1, fix) = |dw/dxl
x 1 which we want to be 3e*. From this, w =
e * and so values of x can be created by drawing
aw from U(0,1) and calculating x = —(Inw)/3.
(a) To create an unbiased estimate.

(b) Dividing by N—1 creates a new estimate
that can be written as [N/(N-1)] times the old
estimate. So its variance is [N/(N—1)]? times the
variance of the old estimate.

(a) Likelihood is (2mo?)Mexp[—(1/202)
Y(x—u)* and log-likelihood is —(N/2)In2x —
(NI2)Ino? — (1/20?) Z(x—p)>. First partial with
respect to u is (1/0?) Z(x—u) which when set
equal to zero yields uME = x .

(b) Second partial wrt y is —(1/0*)N. Second
cross-partial (wrt ¢?) is —(1/ 0'4) 2(x—u), the
expected value of which is zero, so the Cramer—
Rao lower bound is just the negative of the
inverse of the expected value of —(1/G?)N,
which is 6%/N.

Likelihood is k" exp(—kZx) and log-likelihood
is NInk — kZx. The first partial is N/k — Zx which
when set equal to zero yields KME = N/xx.
Second partial is —N/k* so the Cramer-Rao
lower bound is k*/N.

(a) The MLE formula is given in question T4
which for this case is 1.92.

(b) From question T4 the variance of the MLE
is o?/N the square root of which in this case is
estimated as 0.19. The ¢ statistic is 0.08/0.19 =
0.42 so the null is accepted for reasonable sig-
nificance levels.

(a) Likelihood is A™e™™TI(x!)™" and the log-
likelihood is XxInA — NA — Xln(x!). First partial

Suggested Answers to Odd-Numbered Questions
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T11
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T15
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U3

11

is Xx/A2 — N which when set equal to zero yields
}\’MLE — f )

(b) Second partial is —Xx/A?> Expected value of

x is A, so Cramer—Rao lower bound is A/N.

(a) u = AM(A+1) and V(x) = M(A+2)( A+1)%

(b) AMLE = _N/Zlnx.

(¢) uMLE = AMLE/MLE L 1y — NJ/(N=Zlnx).

(d) CRLB = A¥/N.

(e) Asy. Var pME = (Q[AMLE/(AMLELD))

OAMLEV2Y(AMLE) — 29/N(A+1)*.

(f) Sample mean is unbiased so Ex = u, and

its variance is given by a well-known formula,

0%N, which in this case is A/N(A+2)(A+1)>.

(g) uUMLE should have the smaller asy. var.

because it is the MLE. This can be verified by

showing that the ratio of V(x) to V(uMLE)

exceeds one.

(h) The sample mean is BLUE and so in small

samples is attractive. In sufficiently large sam-

ples, however, the properties of the MLE are

superior.

(a) prob(yes) = prob(blue) X prob(cheat) +

prob(green) which can be solved for prob(cheat)

as a function of the data which provides

prob(yes) and the other two probabilities which

are known.

(b) Use maximum likelihood to estimate.

Write prob(cheat) as a function of income and

a dummy for gender and insert in the expres-

sion above for prob(yes). The likelihood func-

tion is formed using this probability expression

for each yes answer and one minus this expres-

sion for each no answer.

—(N/2)In2z — (N/2)lno? — 26)'E (0 — a +

Bx)* + NInd + (6-1) ZIny. The last two terms

come from the Jacobian.

(a) EP = [PO’e¥/P! = 6] 'e~%(P-1)! = 6.

(b) ZP(0e+fx) — Zexp (oe+fx) — ZIn(P!).

The informed prior will not be centered over the

true value of 3 (except by accident), so f* will be

biased; as the sample size grows, however, the

influence of the prior falls, so B* is consistent.

Because it incorporates additional information,

the variance of B* is smaller than that of S5,

Expected loss of §* is the integral from zero to

B* of 4(B*—p)S plus the integral from B* to one

of 2(—p*)B. This turns out to be B3 — f* + 2/3.
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Minimizing this with respect to B* yields the
point estimate 1/4/3.

(a) The ¢ statistic for testing the null f=1is 1.28
which is less than the one-sided 5% critical
value 1.65 so the null would be accepted and
the venture not undertaken.

(b) A normal distribution with mean 2.28 and
variance 1.

(c) Area under posterior to right of 1.0, divided
by remaining area = 0.9/0.1 = 9.

(d) The Bayesian will decide not to undertake
the project if 1800 X prob(5<1) > Q X prob(8=1)
or if Q < 1800 x prob(f<1)/prob(pz1) = 200.
Find the area under the predictive distribution
for yz,., below the value y;.

Posterior is proportional to 0%(1-6)*3
6°(1-6)” = 65°(1—6)*° which is a beta distribu-
tion with mean 6.5/(6.5+99.5) = 0.061. Because
of the quadratic loss function, this is the
Bayesian point estimate.

The posterior distribution of the forecast is
normal with mean 6.4 and standard error 0.1.
The Bayesian probability of a fall in the interest
rate is the probability that it will be below 6.3,
which is the probability of a normal variable
being one standard deviation or more below its
mean. This is found from the normal tables
to be about 16%. The expected payoff to the
hedging strategy is .16 x 20000 — .84 x 5000 =
—1000; she should invest in the guaranteed
investment certificate.

Expected payoff is the probability of a number
being correct times that number. Guessing 52
maximizes this expected payoff (52 x 0.0685 =
3.562).

(a) Mean = 0.87; variance = 0.0261>.

(b) Write g, as proportional to (1/2)*5[1-
(n/2)]°3. Then 7/2 has mean one-half, implying
that 77 has mean one. Variance of 7/2 is 1/16 so
variance of 1 is 1/4.

(c) The prior on the returns to scale parameter
is centered at constant returns to scale. When
all inputs are increased by the same percentage
amount, what fraction of the output is
attributable to the increased labor input?
The prior on ¢ is centered such that this frac-
tion is 0.8.

V3

\E

W1

W3

W5

W7

W9

(a) Uniform prior for Inc implies that o has
prior proportional to dlno/do = 1/0.

(b) Uniform prior for In[ 6/(1-6)] implies that 8
has prior proportional to dIn[6/(1-6)]/d6 =
[(6(1-0)]".

(¢) Uniform prior for In[p*(1 — p?)] implies
that p has prior proportional to absolute value
of din[p(1 - p)lidp, or [p (1 - p)]™".

p? with prior (p?)™°(1 — p)™° implies that p
has prior proportional to absolute value of
E)3(1 = p»H™ dp¥dp, or (1 — p»)™. Note
that this differs from the answer to 3(c) above.
This Monte Carlo procedure creates 5000 ¢ val-
ues for testing the true null that bz = 4. The
4750th value should cut off the upper 5% of the
t distribution with 17 df, so from the ¢ tables it
should be 1.74.

This Monte Carlo procedure calculates 2000 F
values with 3 and 3 degrees of freedom. The
20th value should cut off the lower 1%. This
can be found as the inverse of the tabulated F
value that cuts off the highest 1%. This is the
inverse of 29.46 = 0.034.

(a) (i) choose parameter values, say 6 = 2,
6=-.2 and 0?2 = 6, ensuring that = 1; (ii) set
ctr = 0; (ii1) draw 25 € values from N(0,6);
(iv) create 25 m values as 2 + y — 0.2r + &; (v)
regress m on y and calculate the ¢ statistic for
testing 8= 1, namely ¢ = (bols-1)/sb where sb is
the standard error of bols; (vi) add one to ctr if
t> 1.714; (vii) repeat from (iii) to produce 4000
t values; (viii) divide ctr by 4000 to produce an
estimate of the type I error.

(b) By omitting a relevant, correlated explana-
tory variable, bols is biased, in this case upwards
since both § and the correlation are negative.
This should cause the ¢ values to be biased
upward, making the type I error exceed 5%.
(a) See if 4 is unusual relative to the 1000 z
slope estimates, say, in the 2.5% tails.

(b) In the bootstrapping procedure calculate
the t statistic for testing the z slope equal to 5,
to obtain 1000 ¢ values. Then see if the ¢ value
calculated from the original regression is
unusual relative to these 1000 ¢ values.

(i) Specify regression model, say y = ot + fx +
6w + € and choose values for ¢, 8, and o7,
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the variance of €. Set §=0. (ii) Set sample size =
23, say. Select 23 values for x and w. (iii) Get
computer to generate 23 errors from N(0, 0?)
and use these to calculate the 23 corresponding
y values. (iv) Regress y on a constant, x and w.
Save the ¢ statistic on the w coefficient estimate.
(v) Repeat from (iii) until you get 10000 ¢ sta-
tistic values, say. (vi) Order these ¢ values from
smallest to largest. (viii) Check that the values
from the ¢ table for degrees of freedom 20 are
matched by the appropriate values in your set of
10000. For example, from the ¢ table the value
2.086 is such that it cuts off the upper 5% tail,
so the value 9500 in your list of ¢ values should
be very close to 2.086.

W11 The 2000 numbers you have calculated should

be distributed as a chi-square with 1 degree of
freedom. Value 1900 should cut off the upper
5% tail. From the chi-square table this critical
value is 3.84.

W13 (a) (i) Choose sample size 60, 60 x values, and

X1
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parameter values o = 2 and 8 = 1, ensuring
thereby that the null is true, required for calcu-
lation of the type I error. (ii) Set ctr = 0. (iii)
Draw 60 ¢ values from a distribution uniform
between —1 and 1. (iv) Calculate 60 y values as
2 + x4+ € (v) Regress y on x, compute the  sta-
tistic #* for testing B= 1. (vi) Add one to ctr if r*
exceeds the 5% critical value in absolute value.
(vii) Repeat from (iii) to obtain 800 #* values.
(viii) Estimate the type I error as d* = ctr/800.
(b) The type I error estimate d* is a sample
proportion whose standard error under the null
hypothesis is se* = square root of d(1-d)/800
where in this case d = 0.05. To test if the type I
error is different from 5%, calculate the abso-
lute value of (d*—0.05)/se* and compare to the
1% critical value from the normal distribution.
Your best guess of the distribution of a sample
average is the mean and variance associated
with your first sample. Consequently, you
should conceptualize the average of the second
sample as being drawn out of this distribution.
Any average equal to, higher than, or slightly
smaller than the mean of this distribution will
cause the null to be rejected, so your best guess
should be slightly over 50%.

Suggested Answers to Odd-Numbered Questions
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X7

X9

X11

Y1

Y3
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No. Should pool the data. If assume s* is same
for both samples, then pooled ¢ statistic is 2.8.
With such a large sample it is not surprising that
variables are statistically significant (the too-
large sample size problem). The low R?* may
result from the fact that the variance of the error
term is quite high — it is not uncommon in cross-
sectional data for the error term to be playing a
dominant role.

Uncertain. If the null hypothesis is true, the ¢
test statistic should continue to take values
obtained conceptually from a ¢ distribution. But
if the null hypothesis is false, it should become
very large in absolute value.

When testing a set of linear restrictions the high
value of the F statistic arises from violation in
either positive or negative directions and so is a
two-sided test, albeit one with only one critical
value. When testing equivalence of variances,
however, as in the Goldfeld—Quandt test, it can
be constructed as either one-sided, to test one
variance different from the other in a specific
direction, or two-sided, without specifying a
specific alternative. In the latter case the two
critical values are inverses of one another.

Type I error stays at its chosen level, by tradi-
tion often chosen to be 5% type Il error shrinks.
So as more and more information becomes
available the traditional methodology devotes it
entirely to shrinking the type II error.

False. If 62 becomes larger, the variance of S5
becomes larger, which makes it more difficult
to reject the null hypothesis — power falls.

Size = type I error = .5/5 = 10%; power =
15.5/20 = 77.5%.

(a) The variance of the sample mean here is
256/64, so its standard deviation is 2. When the
true mean is 40, the probability of a sample
mean greater than 43 is the probability of a z
value greater than (43-41)/2 = 1.5 which is
6.7%, the probability of a type I error.

(b) When the true mean is 41, the probability
of a sample mean greater than 43 is the proba-
bility of a z value greater than (43-41)/2 = 1.0
which is 16%, so power is 16%. When the true
mean is 43, 45, and 47, power is 50%, 84%,
and 97.7%, respectively.
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73

75

77

79

711

713
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Ridiculous; the OLS residuals sum to zero, so
the test will always accept the null.

(a) The first equation is a restricted version
of the second, where the restriction is that

B, = —pB,. Consequently, the unrestricted
equation, the second equation, will have the
higher R°.

(b) Prefer o,* since it incorporates the true
restriction — it is unbiased and has a smaller
variance than the others.

(¢) Numerator of the ¢ test is %, + [B*,.
Denominator is the square root of the sum of
their estimated variances plus twice their esti-
mated covariance.

(d) Restricted SSE from first regression, unre-
stricted SSE from second regression, number
of restrictions is one, and other degree of free-
dom is N —4.

Elasticity is B, + 23,InQ. For this to be unity, we
must have §, = 1 and B, = 0. Use F test with
unrestricted SSE from original regression,
restricted SSE from regression of InC — InQ on
a constant, numerator degrees of freedom equal
2 (the number of restrictions), and denominator
degrees of freedom N — 3.

Estimate Iny = A + odnL + BInK + 6L + 6K and
test 6= 0=0.

Unrestricted SSE from original regression.
Restricted SSE from regression that results
from substituting for each [, the expression
involving the §; and grouping on the basis of the
0. Since the number of coefficients directly
estimated has been reduced by two, there are
two restrictions implicit in this structure. The
other dfis N — 6.

Specify y = a + fx + 6w + o1D1 + oDy +
B1D1x + BoDox + 61D1w + ,Dow + € where
D1 is a dummy equal to one in the first period,
zero otherwise, and Dy is a dummy equal to
zero in the second period, zero otherwise, and
then test 81 = 6; = B = 6 = 0. Numerator F df
is 4; denominator dfis N — 9.

RESET: Obtain the predicted values from the
original regression and form a new variable
c2 by squaring them and a new variable ¢3 by
cubing them. Rerun the regression adding c2
and ¢3 as extra explanatory variables and

715

AA1

AA3

AAS

AA7

test their coefficients jointly against zero.
Rainbow: Create observation-specific dummies
for the three observations with the highest y val-
ues and for the three observations with the low-
est y values. Rerun the regression with these six
dummies as extra explanatory variables and test
their coefficients jointly against zero.

Estimate with a Box—Cox transformation on x
to get the unrestricted maximized log-likeli-
hood. Run the first regression to get the restricted
maximized log-likelihood for the null of equa-
tion (1). Use an LR test to test the Box—Cox
coefficient A equal to zero. Run the second
regression to get the restricted maximized log-
likelihood for the null of equation (2). Use an
LR test to test A equal to unity. Both specifica-
tions could be accepted, both rejected, or one
accepted and the other rejected.

SSE for first regression is 0.605 x (39-5) =
20.54. For second and third regressions SSE is
25.22 and 57.87, respectively. ASSE = 12.11.
Number of restrictions is 5. F statistic is
(12.11/5)/(45.75/66) = 3.49, greater than the
5% critical value of 2.37, so the null that the
parameters are the same is rejected.

(a) F = ((130-100)/2)/(100/(24—4)) = 3.

(b) F = ((130-80)/4)/(80/(24—6)) = 2.81.

(¢) (i) Choose values for o, B for the first
period, and different values for the second
period. Choose a common value for o2 (ii)
Select 24 observations on x and set counters m
and n equal to zero. (iii) Get the computer to
generate 24 errors from N(0, 0?) and calculate
the corresponding 24 y values. (iv) Perform the
first Chow test and if it rejects the null, increase
the counter m by one; perform the second Chow
test and if it rejects the null, increase the coun-
ter n by one. (v) Repeat from (iii) say 500
times. (vi) If m > n the first Chow test is more
powerful.

The numerator of the ¢ statistic is 0.75 + 0.4 —
1 =0.15, and the denominator is the square root
of 0.015 +0.015+ 2 x 0.005 = 0.2, yielding t =
0.75, so the null is accepted.

Use a Wald statistic to test the nonlinear restric-
tion B,4,—1 = 0. (This is more reliable than test-
ing B—1/B, = 0; if possible avoid writing
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restrictions with denominators). The numerator
is 0.04, the square of B,5,—1 evaluated at the
parameter estimates. The first derivative vector
of B,B,—11s (B,, B,)" which evaluated at the OLS
estimates is (0.2, 4.0)". The estimated variance
of B,5,—1 using the usual formula for the vari-
ance of a nonlinear function is 1.12 and the W
statistic is 0.04/1.12 = 0.036. The critical value
at the 5% significance level for a chi-square
with one df'is 3.84, so the null is not rejected.

AA9 (a) 6,6+ 6,=0.

BB1

BB3

BBS
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(b) First derivative vector is (6,, 6,, 1)’. W sta-
tistic is given by 0.25/[(0.5,3,1)V*%#(0.5,3,1)']
where V** is the block of V* omitting the inter-
cept ingredients.

E[SSE/0?*] = N-K, so E(SSE) = 6*(N-K). Thus
Es?>=E(SSE)/(N-K) = 0> V(SSE/0?*) =2(N-K),
so V(SSE) = 26" (N-K). Thus Vs* = V(SSE)/
(N-K)? = 26 /(N-K).

(a) A 1 statistic is the ratio of a standard normal
to the square root of an independent chi-square
divided by its degrees of freedom. The recur-
sive residuals are iid as N(0, 0?) so that their
sum is distributed as N(0, (T—k) 0?). Thus (Ze,)
o~ '(T-k)™ is distributed as a standard normal,
forming the numerator of the ¢ statistic. The
expression in curly brackets is a chi-square
divided by its degrees of freedom, providing
the es are divided by o. This ¢ cancels out
with the o in the numerator, leaving the ¢
statistic.

(b) Their expected value is zero, their variance
is 02, and they are independent of one another.
(¢) No. The variance of each OLS residual is
not 0% and they are not independent of one
another.

If the CNLR model applies, under the null
hypothesis (B,°F5 — B,°55) is distributed nor-
mally with mean zero and variance V, say, and
(B0 — BOLSYV1(B,OS — BO) is distributed
as a chi-square with degrees of freedom equal
to the number of elements in . Because the two
regressions are run separately, ,°%5 and B,°1
are independent of one another. Thus V =
[02X, X)) + 0,2(X,’X,)™"], which when esti-
mated and employed in the formula above gives
rise to the suggested statistic.

Suggested Answers to Odd-Numbered Questions

BB7

BB9

BB11

cc1

CC3
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(a) Get residuals from regressing y on a con-
stant and x. Use NR? from regressing these
residuals on a constant, x, w, and z. These are
the derivatives of the specification with respect
to the parameters.

(b) Dividing by two, the number of restric-
tions, creates an “asymptotic” F, with 2 and
“infinity” degrees of freedom. (This matches
producing a chi-square from an F by multiply-
ing the F by the number of restrictions.) NR? is
achi-square; dividing by the number of restric-
tions produces the numerator of the F statistic.
The denominator is s/ 02 For an infinite sam-
ple size, s> becomes ¢ causing the denomina-
tor to become unity.

(a) Numerator is S~ (6°15)? and denomina-
tor is the square root of V(L) —
450LSC*(BOLS, bOLS) + 4(50LS)2‘/*(60LS)
where * denotes estimate of. This comes from
the formula for the variance of a nonlinear
function of random variables.

(b) Square the asymptotic t to get a W, a chi-
square with one df.

Log-likelihood is NIn@ — 6Xx, first partial is N/
6 — Xx and second partial is —N/6?, so MLE —
N/Zx and Cramer—Rao lower bound is 6%N.
W is (N/Zx — 6)(2x)*N and LM is (NV/6, —
2x)26%/N, both of which equal
(N — 6,Zx)*/N.

(a) Likelihood is (2ac®)™? exp[-(1/20?)
Z(x—p)*], maximized at 4 = x .

Likelihood ratio 4 is

exp[—(1/26%)Z (x—11,)* + (1120 Z(x-X )*]

LR =2InA = (1/6%) Z(x—u,* — (1/6?)
Z(x—X )* = (X —lUy)*/(0*N), the square root of
which is the usual test statistic.

() W = (X =) TV(X =) (X =) = (X
—Ho)*/(G%IN).

(c) Partial of log-likelihood wrt u is (1/0?)
Z(x—p), equal to Q = (N/6*)(X —l,) when
evaluated at u,.

LM O'TV(T'0 (NIo) (X = Uy
[(N/6?*)(G?IN)I™ = (X = po)/(G*IN).

Write y, as x’Ax where x = (x;,x,)’ and A is
a matrix with top row 1/2, —1/2, and bottom
row —1/2, 1/2. Write y, as x'Bx where x =
(x,x,)" and B is a matrix with top row 1/2, 1/2
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CCs

DD1

DD3

EE1
EE3
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and bottom row 1/2, 1/2. Confirm that A and B
are both idempotent with trace 1 and that AB =
0. Use theorem that x'Ax is distributed as a chi-
square with df trace A if A is idempotent. And
that x'Ax and x'Bx are distributed indepen-
dently if AB=0.

The relation 1 — [SSE/(N-K)]/v > 1 — [SSE,/
(N=K+))]/v can be manipulated to become
(N-K-J)SSE; < (N-K)SSE,. This same
expression can be obtained by manipulating
[(SSE; — SSE)/JV/[(SSE/N-K-J)] < 1.

(i) Specify model as, say, y = ot + fx + éw + &.
Choose values for o, 3, and o2. (ii) Set sample
size N = 35, say, and select 35 values for x and
for w. (iii) Set 8= 0. (iv) Get computer to gen-
erate 35 errors from N(0, 6?) and use to calcu-
late 35 corresponding y values. (v) Run
regression and test 6= 0. (vi) If null is accepted,
set & = 0. If null is rejected, set 6* = &ls, Save
o*. (vii) Repeat from (iv) until, say, 500 values
for 0* have been obtained. (viii) Use the 500
values of &* to estimate the MSE of &*. This
gives the height of the risk function for zero
degree of falseness of the restriction 8= 0. (ix)
Change the value of 6 and repeat from (iv) to
graph different points on the risk function.
Not a good suggestion. Pretest bias continues
to exist and should be worse because using a
smaller sample for the test means it will have
less power.

Use a non-nested F test or a J test.

For the first equation the data allow estimation
of diff = § (InNI — InNs) and for the second
equation diff = ¢ (6™ — e=). Use a nonlin-
ear J test. First, run nonlinear least squares
to estimate the second equation and obtain
predicted diff values diff2. Then run OLS on
the first equation adding diff2 as an extra
regressor. Accept or reject the first equation
using a t test of the diff2 coefficient. Second,
run OLS on the first equation and obtain pre-
dicted diff values diffl. Then run nonlinear
least squares on diff = ¢ (e — e~') + @diff1.
Accept or reject the second equation using a ¢
test on 6. Alternatively, a P test could be
employed.

FF1

FF3

FF5

FF7

4(i) Specify y = o + Bx + € and choose values
for oz and B, say 1 and 2. (ii) Set sample size
N = 35, say, and select 35 values of x. (iii) Get
computer to draw 35 errors from N(0,1), multi-
ply each by the square of its corresponding x
value to create heteroskedasticity, and use to
calculate the 35 corresponding y values. (iv)
Run regression and calculate t statistic for test-
ing B=2. Save it. (v) Repeat from (iii) until you
have, say, 500 £ statistics. (vi) Calculate the per-
cent of these 7 values that are greater than 1.645.
Inference will be biased if this number is not
close to 5%.

(i) Specify y = o+ Bx + € and choose values for
o and B. (i) Set sample size N = 40, say, and
select 40 values of x. (iii) Get computer to draw
40 errors from N(0,1), multiply the last 20 of
these by 2, and use to calculate the 40 corre-
sponding y values. (iv) Run OLS and save °US.
(v) Run OLS on first 20 observations to esti-
mate S12 R gun OLS on last 20 observations to
estimate 5, , transform the last 20 observations
by multiplying them by s,/s,. Obtain ﬁEGLS by
regressing using first 20 observations and last
20 transformed observations. (v) Repeat from
(iii) until you have, say, 500 f°S and 500 ECLS,
(vi) Use the 500 /30]“5 to estimate the bias, vari-
ance and MSE of B°%5; use the 500 B%CLS to
estimate the bias, variance and MSE of ﬁEGLS.
Compare.

Suppose the sample size is 25 and the original
error € is such that € = pg_, + u, where u is a
spherical error with variance o Then the vari-
ance of €is 0?/(1—-p?). Obtain ¢ by having the
computer draw an error from N[0, c%/(1-p?)].
Have the computer draw errors u, through u,s
from N(0, 0?) and use these (and &) to compute
& through & using € = pg_, + u,.

(i) Run the regression and obtain the parameter
estimates, the residuals and the Goldfeld—
Quandet statistic. (ii) Use the residuals to calcu-
late 512 and S22 the estimated error variances
for the first and second halves of the data,
respectively. (iii) Divide the first half residuals
by s, and the second half residuals by s, to create
a set of residuals called the adjusted residuals.
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GG1

GG3

GG5
HH1

HH3

HHS

HH7

HH9

(iv) Use the estimated parameter values and
draws with replacement from the adjusted
residuals to create a new set of data on y. (v)
Calculate the Goldfeld—Quandt statistic. (vi)
Repeat from (iv) to obtain, say, 1000 Goldfeld—
Quandt statistics. (vii) See if the original
Goldfeld—Quandet statistic is in the tails of the
distribution of these 1000 values.

False. OLS always provides the best fit
(highest R?).

Bad proposal. Both OLS and GLS are unbi-
ased regardless of the presence of nonspherical
errors, so under both the null and the alterna-
tive their difference has expectation zero.

No because GLS is BLUE.

The transformation renders the errors hetero-
skedastic, but since OLS is unbiased in the
presence of nonspherical errors, no bias
results.

Although the R* may be affected, this is not of
consequence because we are interested in the
important properties of bias and efficiency.
False. Regressing (y+w) on x produces coeffi-
cient estimate Z(y+w)x/Zx> = fOL5 + o°5: the
estimates are identical.

Sum the equations for the tth time period to get
C,= BN, + BY,+ &* where &* = X¢ has mean
zero and variance 62N,. Use the GLS estima-
tor, found by dividing all data by the square
root of N, before running OLS.

The two equations must be written as a single
equation, the constraints incorporated and a
transformation made for heteroskedasticity.
Left-hand side vector is a column of ys on top
of a column of (p—w)s. Columns of observa-
tions on explanatory variables are for ¢ a col-
umn of ones on top of a column of zeroes; for
B, a column of zeroes on top of a column of
ones; for ¢; a column of xs on top of a column
of —ws; for ¢, a column of zs on top of a col-
umn of zs; and for B, a column of zeroes on top
of a column of gs. All observations in the bot-
tom half must be multiplied by the square root
of two.

HH11OLS is BLUE (the unconditional variance is

Apendix F.indd 17

constant), but may not be the estimator of
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HH13

HH15

HH17

m

113

17

choice because a nonlinear estimator that
incorporates a correction for the conditional
heteroskedasticity may be more efficient.
Should be multiplying through by s,/s,. But
more importantly, all that the Goldfeld—Quandt
test tells us in this context is that there is het-
eroskedasticity associated with x; it does not
tell us that the form of this heteroskedasticity
is such that there are two different variances
for the two sets of data. The heteroskedasticity
could be that the error variance is connected in
some more continuous way to x, such as that
the variance is proportional to x or x squared.
Further testing should be done to better deter-
mine the nature of the heteroskedasticity.
Correct. The variance of a sample proportion
is p(1-p)/N where p is the true proportion and
N the sample size. This variance can be esti-
mated for each district. Transforming the data
by dividing by the square root of this esti-
mated variance and then running OLS is the
standard correction for heteroskedasticity.
E(u*) =0 because E(€) = 0.

V) = E(u*?) = (1-V5)/(2N5)[(1-V5)/2)* &
+ [1=(1+V5)/(2V5)] [(1=(1=V5)/2]? €2 which
equals &2

(a) For a 2-week period data, we have y* =2q
+ fx* + &*, where * denotes the sum of the 2
weeks data. The error €* is spherical, with
variance 20? (where V(€) = ¢?), so OLS is
applicable.

(b) For the moving average data, we have
v¥= o+ Bx*+g*, where y,* = (y_+y+v.)/3,
X = (x_+x+x_)/3, and £* = (g_+€+€.,)/3.
Although &* is homoskedastic, with variance
0%3, there is autocorrelation. Adjacent &*
have covariance 20%/9, £* two periods apart
have covariance 069 and all other covari-
ances are zero. Thus GLS should be used,
with the error variance—covariance matrix
having 3s down the diagonal, 2s beside the
diagonal, 1s beside these 2s and all other ele-
ments zero.

(a) Use a Wald test. See answer AA9.

(b) Incorporating the restriction, the equation
can be rewritten as y, — &y, = 0, + o
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JJ3
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KK1

KK3
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(x, — oux,_y) + €. Estimate by doing an iterative
search over «,. Select a value for «, and
regress y, — &,y,, on a constant and x, — o,x,_,
Change the value of ¢, and repeat, continuing
until SSE is minimized.
(¢) The relationship can be written as y, —
oy, =0+ %(x, - azxt—l) + g or (l - %L)yf =
o, + o(1 — o,L)x, + €. This implies y, = o,/
1-ol)+ox,+e/(1 —al)ory =ao/(1 -
o) + o,x, + u, where u, = o,u,_, + €, a first-
order autocorrelated error.
(d) That finding a first-order autocorrelated
error may imply a dynamic misspecification
rather than a genuine autocorrelated error.
The DW statistic is not relevant here because
the data are cross-sectional. An exception is if
the data are ordered according to the value of
an independent variable, in which case the DW
statistic may indicate a nonlinearity.
Use a Goldfeld—Quandt test. Run the regres-
sion using the N,, male observations to get s2,
and using the N, female observations to get
s2. Then s2 /s2is distributed as an F with N,
and N, degrees of freedom.
F = (45/(18-3))/(14/(10-3)) = 1.5 which is
less than the 5% critical value of 3.51 for
degrees of freedom 15 and 7 so the null is
accepted.
The low DW in a cross-sectional context may
mean that the data have been ordered accord-
ing to the value of x and an inappropriate
functional form is being used. The high
Breusch—Pagan statistic may mean that z
should appear as an explanatory variable.
(a) ﬁOLS =3: ﬁGLS =4.
(b) V(%) = (X’X)" X VX(X'X)™" = 1.7/9;
V(S = (XVX)" = 1/8.
(©) (25 9512)(X°X) 1= 4/3.
(d) (95 V1 €952)(X VX = 1.0.
(a) Divide the data by the square root of x to
deal with the heteroskedasticity. This produces
transformed observations 3, 5, 5 on y and 1, 2,
3 on x. Running OLS on this gives S5 = 2.
Estimated variance is (€95 €515/2)(X°X) 1=
(3/2)/14 = 3/28.
(b) X'V'X)"'X'V''y = 28/14 = 2. Estimated
variance = (S5VIESS) X VX =
(3/2)/14 = 3/28.

(© X'V'X)XX)'X'VOXX)" = (1/14)/
(794/98 x 98) = 0.86, so GLS is about 14%
more efficient.

KKS The OLS estimate is the sample mean, 2. To
correct for the heteroskedasticity, divide each
observation by the square root of its variance.
Applying OLS to the transformed data we
get 1 (the average of 1, 1, and 1).

LL1 Both estimators are unbiased. V(K*) = E(1/4)
(e+ &+ g+ €)= (1/16)E(u_, + 2uy + 3u, + 3u,
+ 2u;y + u,)? = (28/16)(1/3) = 7/12.

V(K**) = E(12)(e+ &) = (M/DEw_, + u, +
u, + u, + uy + u,)* = (6/4)(1/3) =1/2. Thus pre-
fer K** since it has a smaller variance.

LL3 (a) 85 = 24/5.

(b) The V(&) matrix is 9 times a matrix with
rows 1, 0.5 and 0.5, 1. Putting this into the
GLS formula produces 8 = 5.

(©) V() = XX '(XVX)(X'X)" = 63/25.
V(LS = (X'V1X) ! = 9/4.

LL5 GLS formulais (X’Q'X)"'X’Q'y where Xis a
2x1 vector of ones, € is a 2x2 matrix with 2
and 3 on the diagonal and 1 in the off-diagonal
positions, and y is a 2x1 vector containing 10
and 7. This yields the estimate 9.

MM1 Write the two relationships as one so that the
vector of observations on the dependent vari-
able consists of the N observations on y, fol-
lowed by the N observations on y,, and the
column of observations on the regressor is N
ones followed by N zeroes. The error vector’s
variance—covariance matrix is V®I where V is
a matrix withrows 2, 1 and 1, 2 and / is a NXN
identity. Using the GLS formula produces
B =5 ,~(1/2)7.

MM3 (a) Write the two relationships as one so that
the vector of observations on the dependent
variable consists of the observations on y
followed by the observations on ¢, and the
column of observations on the first regressor
is the x observations followed by a vector
of zeroes; the column of observations on the
second regressor is a vector of zeroes followed
by the w observations. The error vector’s
variance—covariance matrix is V®I where V is
a matrix with rows 2, 1 and 1, 3. Using
the GLS formula produces oS = 2/5 and
BOS =9/10.
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(b) From the GLS calculation earlier we can
also calculate V(o) = 0.5, V(B°S) = 3.0,
and C(oF"S, B515)=0.5. So V(205 — BOL5) =
2.0 + 3.0 — 1.0 = 4.0. The required ¢ value is
—0.1/2 = -0.05, below any reasonable critical
value, so the null is accepted.

(¢) Regress y on x to get oS = 3/4; SSE = Xy?
— oPS%xy = 22.75, so estimate V(i) as 2.275.
Regress ¢ on w to get f°5 = 1; SSE = 32, so
estimate V(v) as 3.2. Estimate covariance by
-9 (g-9/10=(Zyg - Zqy — Iyg +
¥y4) / 10 = 1.24. This last calculation exploits
the coefficient estimates, so that, for example,
¥q y= (2/5) Zgx.

Uncertain. If B* is a better (i.e., smaller vari-
ance) estimate of 8 than that produced by
regressing y on x and w, then the statement is
true, but if B* is a bad estimate, this sugges-
tion will produce a worse estimate of J.

(a) The stochastic prior information is incor-
porated as an additional observation, namely a
y-value of 6 and an x-value of 1. To correct for
heteroskedasticity this extra observation should
be multiplied through by 2. The new Xxy is
186 + 24 =210, and the new Xx* = 30, so the 8
estimate is 7.

(b) Variance is 16/30. Variance without incor-
porating additional information is 16/26,
about 15% higher.

Add an extra, artificial observation to the bot-
tom of the current data. Add a one to the bot-
tom of the y vector, a zero to the bottom of the
column of ones for the intercept term, and ones
to the bottom of the columns of observations
on K and L. From the original regression, find
s? the estimate of the variance of the error term.
Adjust the row of artificial observations by
multiplying them all by s/0.1. Run OLS on the
extended data.

If we have VALUE, = o+ BAREA, + YYEAR, +
&, for the ith property, then we know 750000 =
o+9008+ 19657y so we have exact extraneous
information. This can be incorporated in the
usual fashion — solve for one of the unknown
parameters in the second equation and substi-
tute into the first equation to find a new esti-
mating equation with one less parameter.

Suggested Answers to Odd-Numbered Questions

001

003

PP1

PP3

PPS

QQ1

19

Minimize the generalized sum of squared
errors (y—XB)'Q7'(y—XpB) subject to the con-
straints to obtain f* = BOLS + (X'Q'X)
R[RX'Q'X)"' R (r—RpBOLS).
(a) The W matrix is block diagonal with a dif-
ferent X; matrix in each block. When X is diag-
onal then ™'®I is block diagonal with ;2 in
each block. When multiplied out this produces
(X;i’X;)™" X;’y; for the ith equation’s parameter
estimates.
(b) The W matrix is block diagonal with X in
each block and so can be written as I®X. So
[WE'eDW]! = [I®X)(Z'®DNUI®X)]" =
[I®XNZ'®X)] ! = [ZT'®X'X] ! = Z®(X'X)".
Similarly W'(Z'®I)y = (Z'®X")y so SURE =
®X'X)y.
From a regression of y on X, the regression
sum of squares is (F-7) (G-¥)=(XB*") .
XBOS-N () =yX (XX)' X3-N(¥).  This
implies that from a regression of y—7y on X,
the regression sum of squares is (y—Y)
X(X'X)'X'(y—y), since the average of
Y=y y-is zero.
(e2—s*2)Z(Z'Z)’‘Z'(ez—s"‘z)/Zs”‘4 = (1/2)[(e¥
s*2—11Z2(Z'Z2)"'Z'[(e*/s**>—1] which is one-half
the regression sum of squares of [(e%/s*?—1]
regressed on Z, since the average of the [(e¥
s%2—1] is zero.
(a) To allow this formulation to include a case
of homoskedasticity.
(b) Only the first element of ¢ is nonzero.
(¢) exp(Ink + 6lnw) = kw?; o, = Ink, o, = G and
X, = Inw.
@@ BY = (WX*'Wy* = (XP'PX)'XP!
Py = 15,
(b) Estimated V(B"Y) = sA(W'X*)'W'W
X*W)! = 2(XX)IX'P2X(X'X) .
(c) This is s*> times the heteroskedasticity-
consistent estimate of the variance—covariance
matrix of the OLS estimator.
(a) Arrange the observations so that the two
observations on the first household appear,
then the two observations on the second house-
hold, and so on. The variance—covariance
matrix is then seen to be the variance of € times
a block-diagonal matrix with 2 by 2 blocks
containing ones down the diagonal and p on
the off-diagonal.
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(b) Transform each household’s observations
as though you had data on just that household.
The first observation is multiplied by (1-p?)
and the second observation has p times the
first observation subtracted from it.

QQ3 plimfS = B+ plim(Zy, ,&/N)/plim(Ey, /N).

QQ5

RR1

RR3

RRS
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Numerator is 62 and denominator is (2302 +
20)/(1 — B) so bias is (1 — B)/2.

The GLS estimator u* = (X'W'X)"'X'Wy is
the BLUE, where X is column of ones, y is a
vector with observations x1, x2, and x3, and W
is a 3x3 matrix with ones down the diagonal
and zeros on the off-diagonal except for the
(1,2) and (2,1) positions in which there is 0.5.
This produces u* = (0.5x1 + 0.5x2 +
.75%3)/1.75. The variance of the sample mean
is (X'X)"'X’' WX(X'X)™! = 4/9. The variance of
m* is X'W'X)"' = 0.75/1.75, which is
smaller.

Setting the derivative with respect to y equal to
zero and solving for y gives

y, = 6y*, + (1-0)y,., where 0 = o/(a+,).
This can be rewritten as y, =y, , + 0 (y*, — y,_,)
which is a partial adjustment model.

(a) Use L without a subscript to denote the lag
operator and write YP, as Y/[1-(1-A)L]. Thus
C = (f~00)Y/[1-(1-A)L] + aL,_, + & which
when multiplied through by [1-(1-A)L] yields
the estimating equation

C = (1-DC_, + (f~aO)Y, + aL,_, — o (1-1)
L,+¢&—(1-De._,.

(b) Main estimating problem is that 6 and
are not identified. Also the MA error term is
contemporaneously correlated with C,_,.

(a) From the partial adjustment equation K, =
(1-)K ._, + A6Y, + &, which when substituted
into the gross investment equation yields
I,=(0-M)K,_, + A6Y, + €. If dis known, A and
0 are identified; if §is not known, none of the
parameters is identified.

(b) K, = (A0Y, + €)/[1-(1-A)L] where L is the
lag operator. Thus

I, = (-MHA6Y_/[1-(1-V)L] + A6Y, +
g/[1-(1-A)L] and thus
L=(1-)I_,+(6~AV)A6Y_,+ A6Y,— (1-A)A6Y,_,
+ & s0

I=(1-DI_+ (6-1)A6Y_+ AOY, + €.

RR7 (a) y, -

SS1

TT1

TT3

Both A and 6 are over-identified if 0 is known;
if 0 is not known, all parameters are just
identified.

(c) Setting Y, =Y,_, and I, = I,_,, the coefficient
on Y in the long-run relationship is 6. It makes
sense for A to drop out in the long run, since it
reflects the speed of short-run adjustment. 66
makes sense because it just says that in the long
run an increase in income requires an increase
in investment to cover the depreciation on the
higher capital stock.

oy, =1 - aAy/ + ﬁ(}xl + ﬂle - ﬁlxz +
ﬁlxt—l+ &

yo = n(l-a) - [od/(1-0)]dy, + [(B, + B/
(1-=o)lx, - [B/(1-)]Ax, + €/(1-0).

(b) Y=Y =1-— (l_a)yt—l + ﬁf}xl + ﬂl'xt - ﬁ]xl +

ﬁ1x1—1+ gz
Ay, = (1-o){n/(1-e) + [(B, + B/(1-)]x, —
yr—l} - ﬁlez + &

(c) y and x are growing at the same rate.

Must recognize that the as are not identified, so
only examine estimation of the Ss. (i) Set values
for the parameters, including V(g) and V(s,).
(ii) Select sample size, say 35, and choose 35
values for the exogenous variables Y and A. (iii)
Solve for the reduced form to obtain equilib-
rium expressions for P and Q in terms of the
parameters, the exogenous variables, and the
error terms. (iv) Get computer to draw 35 & and
35 g, values. (v) Use these errors and the reduced
form expressions to calculate the corresponding
35 values for P and for Q. (vi) Use the data to
run OLS to get S and 2SLS to get f*555.
Save these estimates. (vii) Repeat from (iv)
until you have, say, 800 sets of these estimates.
(viii) Use the 800 OLS estimates to estimate the
bias, variance, and MSE of OLS and use the
800 2SLS estimates to estimate the bias, vari-
ance, and MSE of 2SLS. Compare.

Uncertain. Both estimators are biased in small
samples, the sample mean ratio is asymptoti-
cally unbiased but has a larger variance than
BPLS which is asymptotically biased.

(a) With variables expressed as deviations
about their means, the equation of interest is
y* = Bx* or in terms of measured variables, y =

Px—Pe—¢.
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plimB°YS = plim(Zxy/N)/plim(ZxYN) = B —

(B+1) 0%/(Q+ 0?)

where Q is the plim of Xx**N.

(b) The bias is negative, which tends to dis-

credit the argument in question.

(a) Slope coefficient estimates are still BLUE,

but intercept estimate has bias —2,.

(b) Estimates are BLUE except that the esti-

mate of @, is actually an estimate of o,/1.15.

(c) All estimates are biased, even asymptoti-

cally. (The intercept estimate is a biased esti-

mate of o,—20,.)

UU1 (a) Predicted X is W = Z(Z'Z)'ZX, so
WW)'"Wy = [XZZZ)'ZZZZ'ZX"'X'Z
ZZ)'Zy = (ZX)'2Z X2 XUZ2)'ZYy =
@ZX)'Zy=p".

(b) Suggests X (WW)!' = oX'Z(Z'2)'ZZ
(ZZy'ZX"' = 0¥ ZX)'Z2Z (X'Z)".

UUS3 (a) Both estimators are unbiased. MSE of f°85
is 0%/2x2 = 6%/6. MSE of BY is 62Zw¥/(Zxw)? =
140%/49. Their ratio is 7/12.

(b) ﬂw is 10, so numerator is 2. Residuals are -
11, 4 and 1, so s> = 69. Thus denominator is
square root of 69(14/49).

UUS (a) Using m as an instrument for i produces [3*
= Xm*Xmi. Regressing i on m produces a coef-
ficient estimate Xmi/Xm*. The reverse regres-
sion estimate of f is the inverse of this, so these
two estimates are identical.

(b) Use an instrument for i that takes the i val-
ues when i is determined exogenously and the
m values when m is determined exogenously.

UU7 (a) Regress & on w and z and obtain the pre-
dicted h values, hhat. Perform a Hausman test
by regressing i on w, z, and Ahat and testing the
coefficient of khat against zero.

(b) Regress y on i and hhat to produce the iv
estimator.

VV1 False. OLS provides the best fit. Other methods
outperform OLS on other criteria, such as
consistency.

VV3 (a) The suggested estimator is 2SLS.

(b) No. The equation is not identified.

VV5 (a) O is 100/50 = 2. 55 is 90/30 = 3. 5

is (90/80)/(30/80) = 3.

(b) None; the first equation is not identified.

(a) Use OLS since x is exogenous.

TTS

vv7
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VV9

Wwi

WW3

WWS
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(b) 2SLS is Xxy,/2xy,. Reduced form is y, =
of3x plus error, so ILS is (Zxy,/Zx2)/(Zxy,/Zx?)
= Xxy,/Zxy, = 2SLS.

(c) Second equation is just identified.

(d) We know from theoretical considerations
that 2SLS is asymptotically unbiased. Should
u, change, u, will likely change because they
are not independent, causing y, to change.
This implies that y, and u, are not indepen-
dent. Consequently, OLS is asymptotically
biased. OLS will have a smaller variance,
however.

(e) The result that recursive simultaneous
equations can be estimated unbiasedly by
OLS requires that the errors be independent
across equations.

Under (i) supply equation is a linear function
of P,_,. Under (ii) it is a linear function of P,
and lagged Q. Under (iii) it has only an inter-
cept. Choose by testing the coefficients on
lagged P and lagged Q against zero.
Ridiculous test — since the OLS residuals are
orthogonal to X by construction, the coeffi-
cient vector in question is always zero.

(a) Zero, since in this case both estimators are
unbiased.

(b) EXX)'X'e[(XX)'X'e— (ZX)'Z'e]' =
EXX)'X'eeX(X'X)"' — EX'X)'X'ee'Z
X2z2)'=0.

(©) B = 7 - g, so V(BY) = V() —
2C(B°5 ) + V(g) = V(B°5) + V(g) so that
Vig) = V(B) = V(B°X).

(d) ¢'[V(¢@)]'q is distributed as a chi-square
with degrees of freedom = dimension of ¢.
(e) Null is that X and ¢ are independent so that
under null both OLS and IV are unbiased.
Alternative is that X and € are not indepen-
dent, so that OLS is biased in both large and
small samples, and IV is asymptotically
unbiased.

(a) OLS is 6.5 with variance 100/220 = 0.45.
IV is 7.2 with variance 0.5. Difference is
0.7 with variance 0.05. Chi-square is 0.49/
0.05=938.

(b) Regressing y on x and z gives coefficient
estimate for z of 15.4 with variance 22. Square
of resulting normal statistic is 10.78.
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Ww7

XX1

XX3
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(c) Regressing x on z gives coefficient esti-
mate of 2 which produces w observations 2,
4, -4, 8, and —10. Regressing y on x and w
gives w coefficient estimate of 7.7 with vari-
ance 5.5. Square of resulting normal statistic
is 10.78.

Under the null hypothesis that Y'is exogenous,
researcher B’s estimates play the role of OLS
in a standard Hausman test, and researcher
A’s estimates play the role of I'V.

(i) Choose values for the intercept & and slope
B. (ii) Set sample size, say 35, and select 35x
values. (iii) For each x value calculate y* =

+ Bx + €, where €is a drawing from a standard
normal. Choose some critical value, say zero,
and set y = 1 if y* is greater than zero, other-
wise set y = 0. (Choose this critical value so
that your coefficient values and x values do
not create y observations that are almost all
zero or almost all one.) (iv) Regress y on x
and an intercept, saving the slope coefficient
estimate 3*. (v) Repeat from (iii) until you
have, say, 500 [*s. (vi) Average these 500
estimates to estimate the expected value of
the OLS estimate; compare this to Sf(cr + Bx)
evaluated at the mean of the x values, where f
is the density of a standard normal.
Alternatively, the comparison could be with
F(a+ px + 1) — F(o + fBx) evaluated at the
mean of the x values, where F is the cumula-
tive standard normal.

(a) Find the log-odds ratio of the dependent
variable (i.e., In(f/(1-f))), which is then
regressed on the explanatory variables.

(b) (i) Select values for 8 and the variance of
the error term, choose a sample size N and N
values for the explanatory variables. (ii) Draw
N errors e. (iii) Use XB + e to create N log-
odds ratios ¢g. (iv) Calculate N f values as
e9/(1+e9). (v) Regress f on X to obtain your
estimates B*, and regress g on X to obtain
your friend’s estimates (**. (vi) The influ-
ence of an explanatory variable on fis the par-
tial of f with respect to that explanatory
variable. For you this is just §*, but for your
friend it is the partial of the logit function,
estimated by [*#f*(1—f*). This depends on

YY1

the X values and so the comparison will
depend on the X values chosen. Choose the
average X values. (vii) Repeat from (ii) to
obtain, say 500 f* and 500 B**f*(1—f*) val-
ues. (viii) Average both of these 500 values
and see which is closest to Sf#(1—f#) where f#
is the value of fcalculated using the true fand
the average X values.

(c) Regress the log-odds ratio on the explana-
tory variables to obtain the parameter esti-
mates and N residuals. Using these parameter
estimates and draws with replacement from
the residuals, create new log-odds values.
Run the regression again and calculate the
estimated first partial as in part (b) above.
Repeat to obtain, say, 900 such estimated first
partials. Compute the sample variance of
these 900 estimates.

(a) prob(getting a loan) = e"/(1+e") where
w = o+ BGPA + O0AGE + 6SEX + ¢ MA +
nPHD

where SEX is one for males and zero for
females, MA is one for MA students and zero
otherwise, and PHD is one for PhD students
and zero otherwise.

(b) The likelihood function is the product of
45 terms. For the 25 students who were
offered a loan, these terms take the form
e"/(1+e") and for the 20 students who were
not offered a loan, these terms take the form
1/(1+e").

(c) Probability estimated as e"/(1+e") where
wis o + 3.2B% + 236* + 6* where * denotes
the MLE estimate.

(d) LR is easiest. Estimation with and without
the restriction is easy to accomplish with the
logit package. For W and LM tests, variances
and partial derivatives are awkward to
compute.

(e) Wish to test ¢ = 7 = 0. Run logit unre-
stricted to obtain InLy; the unrestricted maxi-
mized log-likelihood. Run restricted (by not
including the last two explanatory variables)
to obtain InLy the restricted maximized log-
likelihood. Calculate LR = 2(InLyy — InLg),
which is distributed (asymptotically) as a chi-
square with 2 degrees of freedom.
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(a) Model the probability of being at the limit
as e"/(1+e") where w = ot + BSIZE + S8IN1 +
OIN2 where SIZE is firm size, IN1 is firm size
for industry type 1, zero otherwise, and IN2 is
firm size for industry type 2, zero otherwise.
(b) Use an LR test to test 6= 6= 0.

For the ith individual, with row vector x; of
characteristics, prob(yes) = prob(x;3+ & > w;) =
prob(g; = w; — x;5)

Estimate as a probit or logit with the coeffi-
cient on w restricted to equal one.

(a) It tests if all the slope parameters are jointly
equal to zero. It is calculated as twice the dif-
ference between the maximized log-likelihood
using all the explanatory variables and the
maximized log-likelihood using only the
intercept.

(b) (i) Calculate xb* where x is a row vector of
values of the characteristics of the new obser-
vation (first element unity for the intercept)
and b* is the estimated parameter vector from
the probit estimation procedure. The probabil-
ity of this observation being a one is given by
the integral from minus infinity to xb* of the
standard normal; this can be found from the
normal tables. Predicting a one or a zero for
this observation requires knowledge of the
appropriate loss function to combine with this
estimated probability. (ii) xb* is now calcu-
lated using the estimated parameter values
from the logit estimation procedure. The prob-
ability of this observation being a one is calcu-
lated as exp(xb*)/(1+exp(xb*)). Predicting a
one or a zero for this observation requires
knowledge of the appropriate loss function to
combine with this estimated probability.

(c) 60 y = 1 predictions, 48 of which were
correct.

(d) Computer has 66 of 100 correct for 66%
correct. The y = 1 competitor gives 70 of 100
correct for 70% correct.

(e) One possibility is to compare the average
of the percentage of 1s that are correct and the
percentage of Os that are correct. On this crite-
rion the computer scores (48/60 + 18/40)/2 =
62.5% and the y = 1 competitor scores (60/60
+0)/2 =50%.

Suggested Answers to Odd-Numbered Questions
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YY9 (a) Regressions without an intercept produce

unreliable R? values, possibly outside the
Zero—one range.
(b) Use ordered logit or ordered probit.

YY11 None of the suggestions is appropriate

because the slope is an estimate of the
change in log-odds ratio, not an estimate of
the change in probability. For a given x
value you can calculate the probability of a
one, then repeat this calculation for that x
value increased by one unit. The difference
between these two probabilities measures
the desired influence of the x variable. But
because of the nonlinearity this measure
will depend on the x value chosen. One
tradition is to choose the average of the
explanatory variables. A competing method
is to calculate this measure for every observa-
tion in the sample and then average the
results.

YY13 Greater than, because the S curve is steeper at

0.4 than at 0.8.

YY15 (a) The likelihood is exp(Ko)*[1+exp(a)]™

771

773

and the log-likelihood is Kot — N*¥In(14+exp()).
(b) First partial is Ko — N*In(1+exp()), so
oME = In[K/(N-K)] and pMF = K/N. No sur-
prise, the estimate of the probability of a one
is the sample proportion of ones.
(¢) Second partial is

(I+exp(o)]*[1 -

—N*[exp(@)/
exp(a)/(1+exp(a))] so
Cramer-Rao lower bound is V(M) =
[Np(1-p)]™". The variance of pME is
(dploa)’*V(oMF) = p*(1-p)* = p(1-p)/N. No
surprise, this is the traditional estimate of the
variance of the sample proportion statistic.
(d) LR is 2*{[Ko™E — N*In

(1+exp(e™£))] — [0.3K — N*In(1+exp(0.3))]}
LM is [0.3K — N*In(1+exp(0.3))]**N*0.3%0.7.
W is (M — 0.3)**N*0.3*0.7.

No. There is a selection bias problem — to enter
the sample of male professors one has to live
long enough to become a professor, invalidat-
ing the comparison.

Suppose the regression is true rent y = X3 + €.
For those units under controls we know only
that the y value is greater than or equal to the
measured rent y,, so that
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Y SXB+ eor e2y,, — XB. Estimation is via
the Tobit model, in which observations on rent
controlled units enter the likelihood function
as the integral from y,, — X3 to infinity.
These data are censored from above and trun-
cated from below. To accommodate the latter,
each term in the likelihood must be divided by
one minus the probability that the error term is
such as to make income less than $5000. To
accommodate the former, each observation
with income of $100000 must enter the likeli-
hood as an integral from 100000 — Xf to
infinity.

(a) No adjustment is needed for a limited inde-
pendent variable, although you may want to
warn readers that the results may not apply to
those under age 25.

(b) Need to avoid the perfect multicollinearity
with household size by dropping household
size as a regressor. May want to warn readers
that the results may not apply to other than
childless married couples.

(c) A sample selection bias correction proce-
dure should be considered here, such as maxi-
mum likelihood or Heckman two-stage.
There is no sample selection problem here —
calculation of the IMR and use of the Heckman
two-stage procedure is inappropriate. The split
between high and low income observations
gives rise to a dummy which can be used in the
usual way to check if the intercept and/or
slopes differ between the two categories.

(a) The cumulative distribution of wis 1 —e™",
so the probability that someone’s unemploy-
ment duration is greater than w is e™*". The
likelihood function is the product of Ae™* for the
Nx individuals currently employed, times the
product of e for the individuals still unem-
ployed. The log-likelihood is thus NxInA— AXx —
AZy which is maximized at AMLE
Nx/(Zx+Zy).

(b) The second derivative of the log-likeli-
hood with respect to A is —Nx/A%, so the
Cramer—Rao lower bound is A*Nx. Thus esti-
mate variance by Nx/(Zx+Zy)>

(¢) Ew = 1/A. Model 1/A as a function of
variables representing local conditions, then

AC1

AC3

ACS

AC7

ACY

replace A in the likelihood by the inverse of
this function and maximize with respect to the
parameters of this function.

In reality, y = 1 + Ax + 6z + €. Suppose there is
some collinearity between x and z so that z = &
+ p + u where u is a random error with mean
zero. Substituting for z we get y =1+ 66+ (4
+ 0Y)x + £+ Bu so that in the regression of y on
only x, the coefficient on x is actually estimat-
ing A+0y. This will be biased downward as an
estimate of A if @y is negative. This will hap-
pen if z and x are positively correlated and the
influence of z on y is negative, or if z and x are
negatively correlated and the influence of z on
y is positive.

The relevant substitute for Brazilian coffee is
other brands of coffee, not tea, so there is a
major misspecification.

The specification is inappropriate; the influ-
ence of inches of rainfall, for example, depends
on the number of acres. A more appropriate
specification is to regress output per acre on
seed per acre, inches of rainfall, and hours of
sunshine.

High collinearity between the two price vari-
ables can be addressed by using the ratio of the
two prices. High collinearity between GDP
and aggregate consumption can be addressed
by dropping GDP; both are capturing the same
influence, with the latter making more sense.
Individual income is a linear function of age
and whether or not the individual has a univer-
sity education. Aggregating over a census tract
and dividing by the population of the census
tract we get average census tract income a lin-
ear function of average age and the fraction of
the census tract population with a university
degree. The error term for this relationship is
an average error for the people in the census
tract and so will be heteroskedastic because
pop is different in each census tract. Transform
the data by multiplying all observations
(including the intercept!) by the square root
of pop.

AC11 The impact of percent body fat on weight

should be different for a large person than for
a small person (because it is measured as a

12/20/2007 1:37:00 PM



percent), so a better specification would be to
enter F interactively with H.

AC13 State GDP should be per capita. For cross-sec-

tional data, the DW statistic has nothing to do
with autocorrelated errors unless the data have
been ordered in some special way. The hetero-
skedasticity correction should be accomplished
by dividing the data by the square root of GDP,
although this heteroskedasticity problem may
disappear once per capita GDP is used. The
dummy coefficients being nonzero in this
specification without an intercept simply
means that the intercepts for all the regions are
different from zero; it does not mean the inter-
cepts are different across regions. A significant
coefficient on advertising does not mean adver-
tising should be increased; we have to know
how much increasing advertising costs relative
to how much extra profit is created by the
resulting increase in demand.

ACI1S5 (a) If a dummy for each year (except the first)

Apendix F.indd 25

is introduced, the specification says that the
log price is determined by the quality variables
plus an intercept amount unique to each year.
The required price index is calculated by track-
ing this intercept over time. In particular, if
a’ls is the coefficient estimate for the 1975
dummy and a76 the coefficient estimate for
the 1976 dummy, then the quality-adjusted
percentage change in price during 1976 is esti-
mated by exp(a76 — a75) — 1. Normalizing the
first period price index to 100, the rest of the
index is calculated by adjusting the index from
year to year by the percentage changes calcu-
lated from year to year as indicated above. An
easier way to do this would be to define the
dummies differently, so that, for example, the
dummy for 1976 would be unity for 1976 and
all subsequent years, rather than just for 1976.
This means that the estimated coefficient
on the 1975 dummy now becomes an estimate
of the difference between the 1975 and 1976
intercepts, facilitating the calculation given
above.

(b) A constant quality-adjusted percentage
price change would require a time trend in
the specification instead of the dummies.
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AC17

AC19

AC21

AC23

This would produce the restricted sum of
squared errors to contrast with the unrestricted
sum of squared errors from the specification
with the dummies, enabling an F' test. The
numerator degrees of freedom would be the
number of parameters estimated in the unre-
stricted version less the number of parameters
estimated in the restricted version, namely the
number of dummies less one.

Put in a dummy equal to one for close to the
dump, zero otherwise, and a dummy equal to
one for 1991, zero otherwise. Also add an
interaction dummy which is the product of
these two dummies. The interpretation of
the coefficient on the interaction dummy
is the impact on price of the dump, beyond an
overall price change over time. This is some-
times called the difference in differences
method.

The low DW value has probably resulted
from an incorrect functional form. If the data
were ordered from smallest to largest D val-
ues (or reverse), a linear functional form
would give rise to a low DW because for
small D there should be practically 100%
putts made and for large D practically 0%
putts made. A logistic functional form would
be more suitable.

Could consider a logistic functional form.
Conclusions (a), (b),and (c) are OK. Conclusion
(d) requires a test. A female scores an extra 10
points if in the tech group. A comparable
male scores an extra 10, less 6 because of the
interaction term tech*male, plus 5 for being
male. The difference is 1, in favor of the
female. The variance of this difference is the
variance of the sum of the estimated coeffi-
cient of male and the estimated coefficient of
tech*male.

(a) With coding one for male and zero for
female, the percentage difference of males
relative to females would be estimated as
exp(b*) — 1 where b* is the gender dummy
coefficient estimate. The new coding gives
rise to an estimate exp(—b*) — 1, derived in the
same way in which the original formula was
derived.
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AC27
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(b) Use a Box—Cox regression and test the
null that the Box—Cox parameter lambda
equals unity (linearity) and test the null that
lambda equals zero (semilogarithmic), in both
cases against an alternative of an unrestricted
lambda, using two LR tests.

(c) Run the regression using the female data
and obtain s2f, the estimate of the variance of
the error. Run the regression using the male
data and obtain s2m. Calculate s2f/s2m and
compare it to the F value that cuts off the
upper 5% (for example) of the F distribution
with df 67 and 55.

(d) Transform all the male observations
(including the intercept) by multiplying them
by the square root of s2f7s2m. Run OLS on all
the observations (the original female observa-
tions and the transformed male observations).
The benefit of the EGLS procedure is that it
increases efficiency and avoids inference
problems characterizing OLS in the presence
of heteroskedasticity.

(e) Use mixed estimation. In this case there
would be five additional, artificial observa-
tions, one for each of the five parameter esti-
mates. An EGLS procedure is necessary, with
the full estimated variance covariance matrix
from the earlier results appearing as a block
in the lower right of the error variance—cova-
riance matrix for the artificial regression.

She is regressing a stationary variable on a
nonstationary variable (Canadian GDP is grow-
ing and so is nonstationary) which does not
have available another nonstationary variable
with which it can cointegrate. By putting in the
time trend this problem is solved — after remov-
ing the time trend, Canadian GDP must be sta-
tionary, allowing a sensible regression via this
cointegration. Interpretation should take the
form of “Newfoundland unemployment
decreases whenever Canadian GDP exceeds its
equilibrium as given by its time trend.”

The negative sign probably is due to sample
selection — the less productive firms were
quick to apply for the grants. One way of pro-
ceeding would be to take the difference
between the firms’ productivity measures in

AC29

AC31

AC33

the first and second years and use that as the
dependent variable and the second year’s
observations on grant, sales, and employees
as the explanatory variables. If it is believed
that the grant only increases productivity with
a lag, the difference between the firms’ pro-
ductivity measures in the first and third years
could be used as the dependent variable and
the third year’s observations on grant, sales,
and employees as the explanatory variables.
Even better here would be to exploit the panel
nature of the data by using fixed or random
effects estimation. In this case, the productiv-
ity levels would be retained as the dependent
variable observations.

(a) The D67 coefficient is the change in the
intercept from 1966 to 1967.

(b) The D67 coefficient is the difference
between the 1967 intercept and the “base”
common intercept from 1959 through 1964.
(c) Not equivalent. The first specification has
the intercept increasing to 1968 and steady
thereafter at the 1968 level; the second speci-
fication has the intercept dropping back to the
1959-1964 base level after 1968.

The difference between these two definitions
is that the former is looking at long-run cau-
sality whereas the latter is looking at both
long- and short-run causality. If §1 = 52 =01s
rejected but B1+2 = 0 accepted, there is
short-run causality but no long-run causality.
It is not obvious that one definition is more
appropriate than another; it depends on the
purpose of the analysis.

(a) The concern about spending double one’s
income on food is misplaced. The squared
income term has a negative coefficient, so
that with appropriate measurement units for
income the results could be reasonable.

(b) In its current form, the coefficient on NC
provides directly a measure of the difference
between the cost of feeding an adult versus a
child. The proposed method will produce
exactly the same measure by taking the dif-
ference between the coefficient on number of
adults and the coefficient on NC. But calcu-
lating its variance will be more awkward, and
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AD1

AD3
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because it is the same measure, there is no
gain in efficiency.

Should suggest using a logistic functional
form because the dependent variable varies
between zero and one. Should suggest using
police expenditures per capita. If OLS is to be
used should suggest a correction for hetero-
skedasticity because the dependent variable
will be calculated using different county pop-
ulations. Finally, need to worry about simul-
taneity, requiring I'V estimation: higher crime
may induce higher expenditure on police.
The long-run impact of x is smaller than its
short-run impact.

The easiest way is to create the following
dummies:

DD =1 for observations on hours during the
experiment, otherwise zero.

DE =1 for observations on individuals in the
experiment, otherwise zero.

Regress hours on an intercept, DD, DE, and
DD x DE. The slope on DB x DE is the dif-
ference in differences measure.

(a) This program is producing 2000 ¢ values
that can be used to estimate the sampling dis-
tribution, under the null 8= 2, of the ¢ statistic
for testing f=2.

(b) The ¢ value obtained from the actual data
is 2.50; because it lies within the two-tailed
5% critical values of —2.634 and 2.717, we
fail to reject the null at this significance level.
(a) The bias is estimated by av — 2.

(b) The square root of var estimates the stan-
dard error.

(c) The ¢ statistic for testing the null is the
estimated bias divided by the square root of
its estimated variance, namely sqrt of
var/4000.

(d) The confidence interval is given by the
interval between the 200th and the 3800th r
values, adjusted for any bias (i.e., if bias is
estimated to be .01, then .01 should be sub-
tracted from the 200th and 3800th r values.
The following describes how to bootstrap
with specification A as the null; it must be
repeated with specification B as the null to
complete the J test.
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Perform the J test with A as the null. This
requires obtaining the predicted y from running
regression B and then running regression A
with this predicted y as an additional regres-
sor. Call the ¢ value associated with this addi-
tional regressor fA. Ordinarily tA would be
compared to a  table to accept or reject speci-
fication A. The bootstrapping procedure cre-
ates new critical values tailored to this specific
application of the J test.

Run regression A to obtain parameter esti-
mates and residuals eA.

Using these parameter estimates and errors
drawn with replacement from eA, create new
observations for y.

Using these new y values, run regression B
and obtain predicted y values. Continuing to
use these new y values, run regression A with
this predicted y as an additional regressor.
Call the ¢ value associated with this additional
regressor 1.

Repeat from (3) above to obtain a thousand of
these ¢ values, t1-¢1000.

Order these ¢ values from smallest to largest
and find the new 5% critical values, the 25th
and the 975th of these ¢ values. If A falls
inside (outside) this interval, accept (reject)
specification A.

AD7 (a) A Hausman test. The null is that the fixed
and random effects estimates are equal.
Sometimes this is described in terms of the x
variables being uncorrelated with the “ran-
dom” intercept.

(b) Misleading means that the type I error is
not what it is supposed to be (typically chosen
to be 5%).

(c) The errors may not be normally distrib-
uted, or the sample size may be quite small.
(d) Begin by performing the Hausman test to
obtain the test statistic HO. Then do the
following:

1. Perform fixed effects estimation, saving the
slope estimates, the intercept estimates ints and
the residuals resids.

2. Using these slope estimates, and drawing
with replacement from ints and from resids,
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create new y values. (Drawing the intercepts
randomly ensures that the intercepts are not
correlated with the explanatory variables, so
the null is true.)

Perform the Hausman test using these new y
observations, obtaining test statistic H1.

Repeat from 1 to obtain a thousand H values,
H1-H1000.

Order the H values from smallest to largest
and see if HO is smaller than H950, in
which case the null is accepted at the 5%
level.
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