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Exercises for Chapter 1

1.1

1.
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Clearly AB and BA are not the same. 
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which is clearly symmetric. 
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Both AB and BA equal the 
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Expanding using the second column we have
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Expanding using the second row we have
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Exercises for Chapter 2

2.2

1.
(i)
In matrix notation we have
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is the general solution.
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3.
(i)
In matrix notation our system of equations is
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It follows that the nonhomogeneous equations have the same solution as
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2.4


1.
Writing our system as 
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2.
Consider a system of n linear equations in n variables which we write as




[image: image279.wmf].

A

=

xb


If A is nonsingular then the solution for 
[image: image280.wmf]i

x

 can be written as


[image: image281.wmf]1111

*

1

/,

n

i

nnnn

aba

A

aba

=

LL

MMM

LL

x


where the numerator is obtained by replacing the ith column A by the vector b and taking the determinant.

By Cramer’s rule,
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Exercises for Chapter 3

3.2

1.
(i)
The endogenous variables are the variables of interest to us in our economic analysis.  The whole purpose of building the model in the first place is to get some insight into what determines the values of these variables.  The exogenous variables are variables whose values are taken as final for the purposes of our analysis.  There are noneconomic variables, economic variables determined by noneconomic forces, or economic variables determined by economic forces other than those at play in the model.  Definitional equations represent relationships between the variables of the model which are true by definition.  Behavioral equations purport to tell us something of the behavior of some economic entities.   The structural form is the original form of the model that comes to us from economists.  The reduced form is obtained by solving for the endogenous variables in terms of the exogenous variables.  The solutions are called the equilibrium values of the endogenous variables.  A model is complete when the number of linear equations in the model equals the number of endogenous variables and the model has a unique solution.


(ii)
Comparative static analysis concerns itself with how the equilibrium values of the endogenous variables change when we change the given values of the exogenous variables.  If we write the structural form as
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where x is a vector containing the endogenous variables and b is a vector containing the endogenous variables or linear combinations of the exogenous variables,  then the reduced form is given by
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and all our comparative static results are summarized by




[image: image286.wmf]1

A

-

D=D

xb




where 
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 is the vector of changes in the values of the exogenous variables.  Often in our economic analysis we are not interested in finding the complete reduced form.  Instead, all that we are interested in is the equilibrium value of one of the endogenous variables and our comparative static analysis is concerned with how this equilibrium value changes when there are changes in the values of the exogenous variables.  In this case we can use Cramer’s rule to solve for the equilibrium value of the endogenous variable in question.

2.
(i)
Isolating the endogenous variables on the left hand side of the equations we have
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or in matrix notation
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which we write as
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Now we have three equations in three endogenous variables and
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which we assume is nonzero so the model is complete.  The reduced form is given by
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(ii)
We go to the first column of 
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 and the elements of this column gives us the results.  So
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(iii)
Proceding as before we have
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so all that changes is that the vector b is now
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In our answer for (i) we replace a by 
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If both exogenous variables increase by unit amounts then
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and
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That is our results are obtained by adding to the first column of 
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3.
Isolating the endogenous variables on the left hand side we have
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which in matrix notation is
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Using Cramer’s rule, the equilibrium values of the endogenous variables are given by
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and
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(i)
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We have
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Hence the increase in T leads to a decrease in the equilibrium quantity.

Similarly
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so the increase in T leads to a decrease in the equilibrium price.


(ii)
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Similarly 
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so the decrease in rainfall leads to a decrease in the equilibrium quantity, and
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so the decrease in rainfall leads to an increase in equilibrium price.

4.
Substituting the consumption and investments functions into the definitional equation, then isolating the endogenous variables o the left hand side gives
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Using Cramer’s rule, the equilibrium values of our endogenous variables are given by
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If G and M change by 
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 respectively we have the resultant change in 
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We want 
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 to be zero which implies that
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So the required decrease in M is given by
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Exercises for Chapter 4

4.1


(i)
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(ii)

[image: image325.wmf](

)

1316

.

1617

x

xy

y

æöæö

ç÷ç÷

èøèø



(iii)
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(iv)
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(v)
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4.2
1.
(i)
Consider
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so the matrix has the eigenvalues 
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(ii)
Consider
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so the matrix has eigenvalues 
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(iii)
Consider
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(iv)
Consider
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so the eigenvalues are 
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2.
Consider
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so the equation which defines the eigenvalues is the quadratic equation
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This equation has equal roots if and only if
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4.4

1.
(i)
The vectors 
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(ii)
Consider
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For y and x to be orthogonal we want this expression to equal zero.  Hence three vectors orthogonal to x would be
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(iii)
Consider
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For y to be orthogonal to 
[image: image351.wmf]1

x

 we want this expression to be zero.  Hence
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would be orthogonal to 
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meet the requirement.

2.
(i)
Consider
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so the matrix has two eigenvalues 
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Both the equations give
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We want our eigenvector to be normalized, that is
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and we can take
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Thus an eigenvector corresponding to
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Both these equations give


[image: image367.wmf]12

=-

xx


so a normalized vector corresponding to 
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(ii)
Consider
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so the matrix has eigenvalues 
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Both these equations give 
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Our eigenvector associated with 
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Both equations give
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so the required eigenvector is
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(iii)
From exercise 1. (iii) of 4.2 we know the eigenvalues for this matrix are 
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which render the equations
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Our eigenvector associated with 
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That is
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4.5
1.
(i)
Consider
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(ii)
Consider
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which establishes the result.


(iii)
Consider
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2.
Now
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3.
From exercise 1 of 4.2 we have that the eigenvalues of this matrix are 
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Consider the following set of equations
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A Q that meets our requirement is
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The main diagonal elements of 
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 are the eigenvalues ​5, 5, and 1.

4.
(i)
(a)
From exercise 1.  (i) of 4.2 the eigenvalues of this matrix are 
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as our eigenvector.

The equations 
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as our eigenvector.  Then
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The main diagonal elements are the eigenvalues 0 and 2.


(b)
From exercise 1. (ii) of 4.2 the eigenvalues of this matrix are 
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as the eigenvector associated with 
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The normalization requires then that 
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An orthogonal Q that meets our requirements is
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The main diagonal elements of 
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 are the eigenvalues 1, 0, 6.


(c)
From exercise 2. (iii) of 4.4 we have that a set of orthonormal vectors for this matrix are
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The main diagonal elements are the eigenvalues.


(ii)
(a)
As the eigenvalues are 0 and 2 we know the matrix is positive semidefinite and 
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(b)
As the eigenvalues are 0, 1, and 6 the matrix is positive semidefinite and  
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(c)
Again the eigenvalues are 0, 1, and 3 so the matrix is positive semidefinite and 
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4.6
1.
(i)
From exercise 1 of 4.5 a set of orthonormal eigenvectors for this matrix is
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(ii)
From exercise 2 of 4.5 a transformation that meets our requirements is
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2.
In matrix notation the quadratic form can be written as
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and equating this determinant to zero gives eigenvalues 
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 and a normalized eigenvector would be
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The quadratic form is indefinite as one of the eigenvalues is positive whereas the other is negative.

3.
If A is an 
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 positive definite matrix then all the eigenvalues of A are positive so there exists an orthogonal matrix Q such that
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4.7
1.
Consider
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as A is symmetric and
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as A is idempotent, so B is also symmetric idempotent.
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as A is idempotent.

As A and B are symmetric idempotent their ranks are equal to their traces so
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As the eigenvalues of a symmetric idempotent matrix are 1 or 0 and as the rank of a symmetric matrix is equal to the number of nonzero eigenvalues, A has n1 eigenvalues of 0 and 1 eigenvalue of 1 whereas B has n1 eigenvalues of 1 and 1 eigenvalue of 0.  It follows that both A and B are positive semi definite matrices (clearly all symmetric idempotent matrices are).  Moreover as the determinant of a symmetric matrix is the product of the eigenvalues both matrices have zero determinants.

2.
Consider
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so N is symmetric idempotent.  Now 
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as N is idempotent, so M is also symmetric idempotent.  Also
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as N is idempotent. Finally
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The matrix N has K eigenvalues of 1 and nK eigenvalues of 0 whereas M has nK eigenvalues of 1 and K eigenvalues of 0.  Both matrices have determinants of 0.

3.
(i)
From exercise 1. (iii) of 4.2 the eigenvalues of this matrix are 1, 0 and 3, so clearly the trace of the matrix is the sum of the eigenvalues.  Now
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so the determinant is the product of the eigenvalues.  The rank is 2.


(ii)
From exercise 1. (ii) of 4.2 the eigenvalues are 1, 0, and 6 so clearly the trace is equal to the sum of the eigenvalues. Now
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so the determinant is the product of the eigenvalues.  The rank is 2.


(iii)
From exercise 4. (i) of 4.5 the eigenvalues are 1, 0, and 3, so clearly the trace is the sum of the eigenvalues.  The determinant is clearly zero, the product of the eigenvalues and the rank is 2.

4.8
1.
(i)
The leading principal minors are
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These alternate in sign, the first being negative.  Thus the matrix is negative definite.


(ii)
The leading principal minors are
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These alternate in sign, the first being negative.  Thus the matrix is negative definite.

2.
The principal minors are
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The principal minors are all nonnegative with one being zero.  Thus the matrix is positive semidefinite.

3.
The first order principal minors are 1, 3, and 8 but a second order principal minor is 
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  This is enough to establish that the matrix is indefinite.

Exercises for Chapter 5

5.2

1.
Let 
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 be a differentiable function of many variables.  Then the gradient vector of f(x) is
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That is it is the vector of first order partial derivatives of the function.  

The Hessian matrix of the function is



[image: image525.wmf](

)

111

1

()()

.

()()

n

nnn

ff

H

ff

æö

ç÷

=

ç÷

ç÷

èø

K

MM

L

xx

x

xx


That is it is the matrix of all second order partial derivatives of f(x).


(i)
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so the Hessian matrix is
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(iv)
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By symmetry 
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and the function is homogeneous of degree 1.  Now
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and Euler’s theorem holds.
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so the function is homogeneous of degree 0.
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so the function is homogeneous of degree 6.


[image: image609.wmf]442352332

1549,389,

xy

fxyxyxyfxxyxy

=+-=+-


so


[image: image610.wmf](

)

5243352433

15493896,

xy

xfyfxyxyxyyxxyxyfxy

+=+-++-=
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(i)
For the Cobb-Douglas function
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so the function is homogeneous of degree 
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and Euler’s theorem holds.

For the CES production function
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and Euler’s theorem holds.


(iii)
For the Cobb-Douglas function
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so the marginal product 
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so the marginal product 
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7.
As 
[image: image625.wmf](

)

112

,

fxx

 is homogeneous of degree r1 we have by Euler’s theorem that


[image: image626.wmf](

)

1112121

1

xfxfrf

+=-


so



[image: image627.wmf](

)

2

111121211

1.

xfxxfrxf

+=-


(1)

Similarly as 
[image: image628.wmf](

)

212

,

fxx

 is homogeneous of degree r1 we have


[image: image629.wmf](

)

2

211222222

1

xxfxfrxf

+=-


(2)

Adding (1) and (2) gives


[image: image630.wmf](

)

(

)

(

)

22

11112122221122

211,

xfxxfxfrxfxfrrf

++=-+=-


by Euler’s theorem.
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A function f(x) is convex if  
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so the Hessian matrix is
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Principal minors are 0, 0, 1, so the function is neither convex nor concave.
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The principal minors are 6, 2, 8 so the matrix is negative semidefinite and the function is concave.
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The principal minors of this matrix are 
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The first order principal minors are 2 and 2 and the second order principal minor is 0 so the matrix is negative semidefinite and the function is concave.
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For the function to be concave we want this matrix to be negative semidefinite.  Thus we require all the first order principal minors to be 
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10.
(i)
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so the Hessian matrix is
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The first order leading principal minor is 
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which is also  0 on the set.  Hence the Hessian matrix is positive definite on the set and the function is strictly convex on the set.
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so the Hessian matrix is
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The first order leading principal minor is 
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which is  0 on the positive orthant so the Hessian matrix is negative definite on the positive orthant and the function is strictly concave on this set.
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so the Hessian matrix  is
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The first-order principal minor is
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 which is also positive on the set.  So the Hessian matrix is positive definite on the positive orthant and the function is strictly convex on that set.
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so the Hessian matrix is
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(i)
For the function to be concave we want the first-order principal minors to be 
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 and the second order principal minor to be 
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The second-order principal minor is
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With A  0, 
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(ii)
For the function to be strictly concave, the first order leading principal minor of the Hessian matrix should be  0 which requires that
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so with A  0 we need a  0 and a  1.  The second order leading principal minor must also be  0 which requires that 
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 With a  0 this implies that b  0 and a  b  1 as required.
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As 
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13.
Let 
[image: image719.wmf]12

and

xx

 belong to 
[image: image720.wmf]S

£

 so 
[image: image721.wmf](

)

(

)

12

and.

fkfk

££

xx


We wish to prove that 
[image: image722.wmf](

)

12

1

S

ll

£

+-Î

xx

 for 
[image: image723.wmf]01.

l

££

  Now as f(x) is convex for 
[image: image724.wmf]01,

l

££



[image: image725.wmf](

)

(

)

(

)

(

)

(

)

(

)

1212

11

1

.

fff

kk

k

llll

ll

+-£+-

£+-

=

xxxx


If f(x) is a concave function then 
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5.4
1.
Consider a nonlinear equation
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(5.1)

The implicit function theorem addresses the question when it is possible to solve this equation for y as a differentiable function of  
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In nonlinear economic models equilibrium conditions often give rise to an equation like (5.1).  In this equation the y is the endogenous variable and 
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 are the exogeneous variables.  Before any comparative static analysis can be conducted we need to know the condition required to ensure that we can solve the equilibrium equation for y as a differentiable function of 
[image: image730.wmf]1

,...,

n

xx

.

2.
(i)
Clearly the point satisfies the equation and the function on the left hand side has continuous partial derivatives.  Consider
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at the point in question, so an implicit function exists in the neighbourhood of this point.

Differentiating both sides of the equation with respect to x, remembering that y can now be regarded as a function of x gives
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(ii)
The point satisfies the equation and the function on the left hand side has continuous partial derivatives.  Moreover
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at the point, so an implicit function exists in the neighbourhood of this point.  Differentiating both sides of the equation with respect to x, remembering y can be treated now as a function of x gives
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3.
The point satisfies the equation and the function of the equation has continuous partial derivatives.  Consider
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at the point. So such an implicit function exists.  Differentiating both sides of the equation with respect to 
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at the point in question.

Similarly
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at the point.

4.
Write the equilibrium condition as
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We assume the functions have continuous derivatives. Consider
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For a solution to exist we require
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Differentiating our equilibrium condition with respect to G, regarding Y as a function of G and X gives
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5.
The point satisfies the equations and the functions have continuous partial derivatives.  The Jacobian determinant is
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at the point so the implicit functions exist.

Differentiating both sides of the equations with respect to x, treating 
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 as functions of x, we have
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By Cramer’s rule
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and
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At the point in question
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6.
(i)
Write our equilibrium equations as
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If we assume that all functions have continuous derivatives, then it is possible to solve for Y and r as functions of G and M at points where
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is nonzero,  that is, the condition we require is
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(ii)
Differentiating both sides of equilibrium equations with respect to M, remembering that now we regard Y and r as functions of G and M we have
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which in matrix notation is
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Using Cramer’s rule we have
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and
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Using the apriori information we have on the signs of derivatives we obtain
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So M and equilibrium Y move in the same direction,
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So M and equilibrium r move in opposite directions.

5.5
1.
(i)
For a function f(x) of a single variable the Taylor’s approximation of order three is
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Evaluating our approximation at 
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(ii)
(a)
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so
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For dx  0.2 we have


[image: image773.wmf](

)

(

)

(

)

(

)

1

23

2

111

1.210.20.20.210.10.0050.00051.0955

2816

»+-+=+-+=


(b)
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so all these render 1 at x  0, thus
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(c)
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For dx=0.2 we have


[image: image780.wmf](

)

(

)

23

11

log1.20.20.20.20.20.020.002660.18266.

23

»-+=-+=


2.
(i)
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where 
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 is the gradient vector of  f(x), 
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(ii)
For this Cobb-Douglas function
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Moreover
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In moving from the point 
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(iii)
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At the point 
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3.
The total derivative is defined as
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The two concepts differ when 
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4.
We know that
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Taking the differential of both sides remembering that 
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Exercises for Chapter 6

6.1

1.
(i)
Critical points where
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From the second equation we have 
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 The equation then has two critical points
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Now
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so the Hessian matrix is
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The first order principal minors of this matrix are 0, 0 and the second order principal minor is -81, so 
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The first order leading principal minors of this matrix is 18 and the second order leading principal minor is 233 so the critical point is strict local minimum.


(ii)
Critical points where
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The function then has two critical points
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Now
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so the Hessian matrix is
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whose leading principal minors are 4 and 7 so 
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whose first order principal minors are -3 and 2 so 
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 is indefinite and the point is a saddle point.

(iii)
Critical points where
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thus x  y and
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so x  0 or x  1 or x 1.  The function then has three critical points
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The Hessian matrix is
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First order principal minors are 2, 6, whereas 
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whose leading principal minors are 14 and 48 so this matrix is positive definite and 
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(iv)
Critical points where
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The Hessian matrix is
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The leading principal minors of this matrix are
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so the matrix is positive definite and the critical point is a strict local minimum.


(v)
Critical points where
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The Hessian matrix is
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which has leading principal minors
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All the leading principal minors are positive so H is positive definite and 
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 is a strict local minimum.


(vi)
(d)
The first order conditions are
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and the first of these equations gives 
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Using Cramer’s rule to solve these equations gives
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and this is the one critical point the function has.

The Hessian matrix is
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which has leading principal minors of 2 and 
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 so H is indefinite and the critical point is a saddle point.

2.
Critical points where
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Clearly y  0 and x  0 define critical points.  When y  0 we have from (2) that 
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Alternatively critical points are defined by
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All in all we have six critical points
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The Hessian matrix is
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 which is indefinite so 
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The leading principal minors of this matrix are 
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 and 4/5 so 
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The first leading principal minor is 
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 and the second leading principal minor is 4/5 so 
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 is a strict local maximum.

6.2
1.
(i)
Total profit is given by
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(ii)
The critical point is obtained from
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so we have one critical point
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(iii)
For a global maximum we require that the objective function 
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 is concave on the nonnegative orthant.  The Hessian matrix of this function is
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The first order principal minors of this matrix are


[image: image900.wmf]33

22

11

and

44

pLpK

--

--


which are both 
[image: image901.wmf]0

£

 on the nonnegative orthant and the second order principal minor is


[image: image902.wmf]33

2

22

1

16

HpLK

--

=


which is 
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 0 in the nonnegative orthant so H(L,K) is negative semidefinite on the domain of our function, and thus 
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 is concave on its domain.  Any local maximum will then be a global maximum.


(iv)
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(v)
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(vi)
Substituting 
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 and 
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 back into the profit function gives the maximum profit function
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2.
(i)
Total profit is given by
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(ii)
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Substituting into the first order conditions gives
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(iii)
For a global maximum want 
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 to be concave on its domain, the nonnegative orthant. The Hessian matrix is
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which is  
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 on the domain.  Hence the Hessian matrix is negative definite, 
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 is concave on its domain, and any local maximum is a global maximum.


(iv)
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(v)
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(vi)
The maximum total profit is formed by substituting 
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6.3

1.
The Lagrangian function is
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The first order conditions are
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The bordered Hessian matrix is
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so we have a local maximum.

2.
(i)
The Lagrangian function is 
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(ii)
The first order conditions are
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(iii)
The border Hessian matrix is


[image: image941.wmf](

)

(

)

12

1

2

1213

1212

12

12

0

01

10

11

1001

20,

p

Hp

p

pppp

Hpp

pp

++

æö

ç÷

=

ç÷

ç÷

èø

=-+-

=>

p


so the second order condition holds for maximization.


(iv)
The second two of the first order conditions imply that
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so substituting into the first of these gives
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Suppose prices and income increase so they are 
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 times their original values.  All that changes in our problem is the constraint which now becomes


[image: image948.wmf]1122

x.

pxp

lll

+=

Y


But this is the original constraint so nothing changes in the problem.  Thus we would expect this result.


(v)
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(vi)
From the first order conditions we obtain
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3.
(i)
The problem is,

Minimize wL  rK
subject to 
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so the Lagrangian function is
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(ii)
The first order conditions are
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(iii)
The deriviatives needed to form the bordered Hessian matrix are
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so the bordered Hessian matrix is
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As our problem is a minimization problem we require 
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 at the critical point obtained from the first order conditions.

(iv)
From the last two first order conditions we have
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Substituting into the first of these conditions gives
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(v)
The cost function is
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(vi)
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(vii)
From the first order completions
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4.
(i)
The problem is,

Minimize 
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subject to 
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and the Lagrangian function associated with this problem is
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The first order conditions are
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(ii)
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so the border Hessian matrix is
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(iii)
As this is a minimization problem we require 
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 at the critical point obtained from the first conditions.


(iv)
From (2) and (3)
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Substituting into (1) gives
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Solving for 
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(v)
Substituting 
[image: image979.wmf]12
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 into the objective function gives
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as required.


(iv)
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thus for small changes


[image: image982.wmf]12o1

.

bpbb

Mabppup

--

DD

;


6.4
The set of feasible solutions is a hyperplane as it is the set of points which satisfy a linear constraint so this set is a closed convex set. Consider the Hessian matrix of the objective function which is
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The first leading principal minor is  
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 so this matrix is negative definite and the objective function is strictly concave.  Thus there will be a unique local maximum which is also a global maximum.

1.
(i)
The Lagrangian function is
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(ii)
The first order conditions are
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(iii)
The bordered Hessian matrix of this problem is
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for all positive 
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.  Thus the second order condition holds.


(iv)
From the first order conditions we have 
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Substituting gives
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Now 
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(v)
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(vi)
From the first order conditions
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Exercises for Chapter 7

7.2

1.
Total profit is
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Let M be the maximum profit function.  By the Envelope Theorem

(i)
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(ii)
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(iii)
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which are the same results we got in exercise 1 of 6.2.

2.
Total profit is
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Let M be the maximum profit function.  By the Envelope Theorem


(i)
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(ii)
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(iii)

[image: image1010.wmf]**

11

**

33

42

,

416/,

LK

M

LKprw

pp

¶¶

¶¶

P

===


which are the same results we got in exercise 2 of 6.2.

7.3
1.
(i)
The Lagrangian function is
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Let M be the indirect utility function.

Then by the Envelope Theorem
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which are the same results we got in exercise 2 of 6.3.


(ii)
The Lagrangian function is
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If M is the indirect utility function, then by the Envelope Theorem


[image: image1016.wmf]**

1

12

**

1

11

1

,

,

x

pp

MZ

x

pp

pY

l

¶¶

l

¶¶

+

==-=-



[image: image1017.wmf]**

2

12

**

2

22

2

,

,

x

pp

MZ

x

pp

pY

l

¶¶

l

¶¶

+

==-=-



[image: image1018.wmf](

)

*

2

12

*

2

,

pp

MZ

YYY

¶¶

l

¶¶

l

+

===


which are the same results as we obtained for exercise 6.4.

2.
The Lagrangian function is
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If M is the cost function then by the Envelope Theorem
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3.
The Lagrangian function is
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Let M be the minimum value function. Then by the Envelope Theorem
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7.4
1.
(i)
We write the Lagrangian function as
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Then the first order conditions are
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(ii)
The bordered Hessian matrix is


[image: image1028.wmf](

)

12

1211112

22122

0

,

pp

HxxpUU

pUU

æö

ç÷

=

ç÷

ç÷

èø


and the second order condition is
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at the critical point obtained from the first order conditions.


(iii)
We have
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Isolating the differentials of the exogenous variables on the right hand side we have
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or in matrix notation
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(1)


(iv)
In (1) let 
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so using Cramer’s rule to solve for 
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Expanding the determinant in the numerator using the second column gives
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Dividing both sides of this equation by 
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 and remembering that the ratio of differentials is a derivative we have


[image: image1041.wmf]32

112

2

2

.

H

xH

x

p

HH

¶

l

¶

=--









(2)


(v)
Let 
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and using Cramer’s rule to solve for 
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 we have
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Again dividing through both sides of this equation by dY gives
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(3)


(vi)
If utility remains constant then
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But from the first order conditions
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so holding utility constant requires
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But taking the differential of both sides of the budget constraint gives
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(4)


(vii)
Suppose that Y and 
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 change in such a way that utility remains constant and suppose further 
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Then we must have
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Substitute these conditions in (1) gives
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and by Cramer’s rule
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.
(5)

Substituting (3) and (5) into (2) gives Slutsky’s equation
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(vii)
The substitution effect of a change in 
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Clearly the substitution effect of a change in 
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But as the bordered Hessian matrix 
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 is symmetric, 
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2.
(i)
Multiply both sides of (7.7) by 
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Now we can write
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where
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 the proportion of income Y spent on good 2
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Thus in terms of elasticities we can write Slutsky’s equation (7.7) as
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(ii)
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But the term in the bracket is obtained by multiplying elements of the first column of 
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7.5

1.
(i)
The Marshallian demand functions are the optimal point of the following problem:
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The Lagrangian function associated with this problem is
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and the first order condition are
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From the first two equations we obtain
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Substituting into the third equation gives
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These are the Marshallian demand functions (we assume the second order conditions hold).


(ii)
The indirect utility function is the maximum value function
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(iii)
From the consistency properties
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(iv)
By Shephard’s Lemma the Hicksian demand function 
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By symmetry
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2.
(i)
The Hicksian demand functions are the optimal point of the following problem:
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The Lagrangian function associated with this problem is
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and the first order conditions are
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From the first two equations we have
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Substituting into the third equation we have
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so
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(ii)
The expenditure function is the minimum value function of this problem that is
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By the consistency properties
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(iii)
By Roy’s Identity the Marshallian demand function is given by
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By symmetry
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3.
(i)
The conditional demand functions for inputs are the optimal point of the following problem
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The Lagrangian function is
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and the first order conditions are
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The first two conditions give
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Substituting into the third condition gives
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By symmetry
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(ii)
The cost function is the minimum value function of this problem, that is,
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(iii)
Consider
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Similarly 
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4.
(i)
The conditional demand functions are the optimal point of the following problem
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The Lagrangian function associated with this problem is


[image: image1114.wmf]11

24

112212

100,

l

æö

=++-

ç÷

èø

Zwxwxyxx


and the first order conditions are
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From the first two equations
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Substituting into the third equation gives
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(ii)
The cost function is the minimum value function for this problem that is
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(iii)
Marginal cost is
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Now from the first order conditions


[image: image1123.wmf]11

24

112

11

21

66

33

11

1

22

50

10021002

.

wxx

ww

yy

w

ww

c

y

l

¶

¶

-

--

-

=

æöæö

æöæö

=

ç÷ç÷

ç÷ç÷

èøèø

èøèø

=



(iv)
The factor demand functions are the optimal point of the following problem
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The first order conditions are
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so from the first condition
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and
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The profit function is the maximum value function of this problem that is


[image: image1130.wmf](

)

(

)

(

)

(

)

(

)

444

11

**

***

24

121122

222

121212

4

2

12

505050

,100

24

50

.

4

ppp

wppxxwxwx

wwwwww

p

ww

P=--=--

=



(v)
By Hotelling’s lemma the firm’s supply function is given by
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Exercises for Chapter 8

8.2

1.
(i)
The ordinates for the subintervals are
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(ii)
The ordinates for the subintervals are
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(iii)
The ordinates for the subintervals are
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8.3
1.
(i)
This function has a maximum at x  0 and cuts the x axis at x  4 and x  4.

So we want
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2.
Required areas are given by the following definite integrals:


(i)
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(ii)
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(iii)
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(iv)
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(v)
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8.4

1.
(i)
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(ii)
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(vii)
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(viii)
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2.
(i)
Let 
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(ii)
Let 
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Substituting 
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(iii)
Let 
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3.
Thus substitution clearly will not work as when x ranges from 1 to 1 u remains at the value 2 and we no longer have a definite integral.

4.
In the formula for integrations by parts,
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Let 
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Let 
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(v)
Let 
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(vi)
Let 
[image: image1179.wmf]33

,

¢

==

x

vxue

. Then


[image: image1180.wmf]33x3323

1

e.

3

=-

òò

xx

xedxexxdx




For the integral on the right hand side let 
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(2)

Again for the integral on the right hand side let 
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(3)

Substituting (3) into (2) the result thus obtained with (1) gives
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(vii)
Let 
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(4)

For the integral on the right hand side let 
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Substituting back into (4) gives
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Solving for I and adding a constant gives
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8.5
1.
(i)
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so the integral is convergent.


(iii)
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so the integral is convergent.


(iv)
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so the integral is divergent.


(v)

[image: image1202.wmf]202

222

110

.

---

--

=+

òòò

xdxxdxxdx


Now 
[image: image1203.wmf]0

221

000

1

11

1

limlimlim1,

eee

e

e

e

---

®®®

-

--

éù

ù

==-=-=¥

êú

û

ëû

òò

xdxxdxx


so our integral is divergent.

2.
(i)

[image: image1204.wmf]1

32

212

2

101

0

32

+=+

òòò

xxy

xxydxdydy



 EMBED Equation.DSMT4  [image: image1205.wmf]2

2

2

1

1

1111

1

323412

ù

=+=+=

ú

û

ò

y

dyyy



(ii)
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(iii)
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(iv)
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8.6
1.
(i)
The Lagrangian function for this problem is
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The first order conditions are
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The first two conditions imply that
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so substituting into the third equation gives the Marshallian demand functions
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(ii)
The indirect utility function is the maximum value function of this problem so it is
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C is defined by
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E is defined by
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(iv)
As income Y  0 we have

E  CS  C.

2.
(i)
By Roy’s identity the Marshallian demand functions are given by
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(ii)
The loss in consumers’ welfare using consumers’ surplus is given by
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(iii)
The loss in consumer welfare measured by compensation variation C is defined by
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where the new prices 
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and C is given by
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that is,
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The loss in consumer welfare measured by equivalence variation is defined by
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Thus E is given by
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Exercises for Chapter 9

9.4

1.
All the equations are first order linear differential equations with constant coefficients.


(i)
The general solution to the homogeneous equation is 
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with C an arbitrary constant.

A particular solution to the nonhomogeneous equation is
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The general solution to our equation then is
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Using the initial condition we get 
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(ii)
The general solution to the homogeneous equation is 
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 with c an arbitrary constant.  A particular solution to the nonhomogeneous equation is
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The general solution to our equation is then
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Using the initial condition we get 
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(iii)
The general solution to the homogenous equation is 
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Now using integration by parts we have
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and that a particular solution to the nonhomogeneous equation is
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The general solution to our equation then is
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so required particular solution is
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2.
(i)
We have
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(ii)
Potential equilibrium where 
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This is a particular solution to the nonhomogeneous equation.  The general solution to the homogeneous equation is
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Adding we get the general solution to the nonhomogeneous equation given by


[image: image1269.wmf].

at

YYce

-

=+


and


[image: image1270.wmf]YY

®

 if and only if 
[image: image1271.wmf]0.

at

e

-

®

  That is, if and only if a  0.


(iii)
Want 
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 so this condition will not hold and Y will be subject to explosive growth.  This may be a good representation in a growth model.

3.
(i)
Consumers when faced with rising prices may buy now to avoid higher prices in the future.  If this rationale is correct we would expect 
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  Alternatively they may reason that rising prices today must be matched by prices falling in the future so they will hold off buying now, in which case we would expect 
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(ii)
Equating 
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which is a first order linear differential equation with constant coefficients.  A particular solution to the nonhomogeneous equation is found by letting 
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As P is at rest at this value 
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 is a potential equilibrium.

The general solution to the homogeneous equation is
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Adding gives the general solution to the nonhomogenous equation 
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(iii)
Now
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If this is the case the resultant equilibrium for P is 
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4.
(i)
Consider
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Similarly 
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so the function satisfies all the requirements of a neoclassical production function.


(ii)
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(iii)
The differential equation is
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which is clearly a Bernoulli Equation.  Dividing through by 
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we write our equation in terms of z as
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The general solution to this equation is


[image: image1310.wmf](

)

(

)

1

1

1

,

nt

s

zce

n

dd

d

--+

-a

==+

+

k


where 
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(iv)
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is the steady state level of 
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(v)
The steady state level o consumption is


[image: image1317.wmf](

)

(

)

(

)

(

)

(

)

***

1

11

.

cn

ss

n

nn

a

aa

d

d

dd

--

=f--

=--

++

kk


The golden rule level of 
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comparing 
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9.6

All these equations are second order linear differential equations with constant coefficients.

1.
(i)
Homogeneous equation with auxiliary equation
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The required particular solution is then
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(ii)
This homogeneous equation has an auxiliary equation given by
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Solving the two equations in 
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(iii)
Nonhomogeneous equation with auxiliary equation
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Therefore a particular solution to the nonhomogeneous equation is
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(iv)
The auxiliary equation is
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Thus a particular solution to the nonhomogeneous equation is
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(v)
This equation has auxiliary equation given by
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Substituting in our equation gives
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[image: image1370.wmf]22

12

4

3

xxx

yxecece

-

=++

.

Now


[image: image1371.wmf](

)

(

)

12

22x2

12

12

05

8

4

2

33

4

021,

3

xcxx

ycc

yexecece

ycc

-

=+=

¢

=++-

¢

=+-=


so


[image: image1372.wmf]12

31

14

,

99

cc

==


and our required particular solution is
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(vi)
The auxiliary equation is
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so the required particular solution is
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(vii)
The auxiliary equation is


[image: image1380.wmf]2

0

mm

+=


which has roots 
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and the general solution to the nonhomogeneous equation is
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Differentiating we have
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Using the initial conditions we have
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so our required particular solution is
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(viii)
The auxiliary equation is
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so substituting into our differential equation gives
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The general solution to our equation is then
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(i)
The auxiliary equation is
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Combining we have that a particular solution to our differential equation is
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(ii)
From (vii) of question 1 the general solution to the homogeneous equation is 
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Combining we have a particular solution to the nonhomogeneous equation as
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(iii)
From (v) of question 1 the general solution to the homogeneous equation is
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Combining we have the particular solution to the nonhomogeneous equation as
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9.7
Routh’s theorem states real roots and the real parts of imaginary roots of the nth degree polynomial equation
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are all positive, where it is understood that in these determinants we set 
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2.
(i)
In this equation 
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(ii)
From this equation
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The time path for y is convergent.


(iii)
From this equation


[image: image1445.wmf]1

13

02

8

84

60,

17

a

aa

aa

=

==-

-


so the time path for y is divergent.

9.8
1.
(i)
In this example
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 has a positive slope.

Similarly 
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Also,
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so as 
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Phase diagram (a) gives convergent time paths for our variables without cycles.

Phase diagram (b) gives the same in sections (1) or (2) but divergent time paths in sections (3) or (4).


(ii)
In this example
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so the slope of 
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so as 
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so as 
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Thus the time paths for our variables is divergent without cycles.


(iii)
In this example
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so the slope of 
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 is negative, so we have two possible phase diagrams:
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The directional arrows are obtained by considering
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so as 
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By the same reasoning, as 
[image: image1476.wmf]2

y

 increases 
[image: image1477.wmf]2

y

¢

 must increase going from negative to zero to positive thus giving the directional arrows for 
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Phase diagram (a) gives rise to divergent time paths for our variables without cycles.

Phase diagrams (b) gives convergent time paths for our variables, without cycles in sections (3) and (4) but divergent time paths without cycles in sections (1) and (2).


(iv)
In this example
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so the slope of 
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so the slope of 
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 is positive.  Thus we get the following phase diagram:
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as we increase 
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Thus the time paths of our variables diverge without cycles.

Exercises for Chapter 10

10.2

1.
(i)
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The time path of y is divergent without oscillations.
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(c)
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10.3
1.
All the equations are second order linear difference equations with constant coefficients.


(i)
We have
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so writing our difference equation in standard format gives
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(ii)
We have
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so our difference equation is
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with auxiliary equation
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This equation has repeated roots
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so the general solution to the homogeneous equation is
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Equating coefficients gives
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so a particular solution to the nonhomogeneous equation is
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(iii)
Writing our equation in standard format gives
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which has an auxiliary equation
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The roots of this equation are conjugate complex numbers
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For a particular solution of the nonhomogeneous equation try
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Substituting into our differential equation gives
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Equating coefficients gives
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so a particular solution to the nonhomogeneous equation is
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(iv)
The auxiliary equation is
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which has repeated roots 
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Equating coefficients gives
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Combining we have that a particular solution for the nonhomogeneous equation is
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(v)
The auxiliary equation is
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[image: image1545.wmf]12

2,1

mm

==

 so the general solution to the homogeneous equation is 
[image: image1546.wmf]1212

2,

x

ycccandc

=+

 arbitrary constants.

For 
[image: image1547.wmf](

)

12

fxc

=

 try 
[image: image1548.wmf]0

yax

=

 which gives


[image: image1549.wmf](

)

(

)

0000

5

226145.

2

axaxaxa

+-++=Þ=-


For 
[image: image1550.wmf](

)

2

2

x

fx

=

 try 
[image: image1551.wmf]2

x

ycx

=

 which gives


[image: image1552.wmf](

)

21

22262422.

xxxx

cxcxcx

++

+-+=


Equating the coefficients of 
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Combining we have that a particular solution to the nonhomogeneous equation is
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Hence the required solution is
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2.
In this model we have the following second order linear difference equation with constant coefficients
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which has an auxiliary equation


[image: image1561.wmf](

)

(

)

2

210.

mm

baba

-+++=



(i)
The roots of the auxiliary equation are real and distinct if
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so our condition on
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(ii)
The roots of the auxiliary equation are real and equal if
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in which case the common root is
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from our implied condition on 
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 Again the time path for output is divergent and nonoscillatory.


(iii)
We get cycles in this model only if the roots of the auxiliary equation are conjugate complex and the condition that ensures this is
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The absolute value of these roots will be
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For convergent cycles we require then
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For divergent cycles we require
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(iv.)


3.
When time is treated as a discrete variable we regard our economic variables as changing only after the passage of discrete intervals of time.  If y(x) is our economic variables then y(x) is defined for x   0, 1, 2, . . . 

For continuous time the economic variables are regarded as changing continuously.

In a second order linear differential equation with constant coefficients cycles can only occur in the case where the roots of the auxiliary equation are conjugate complex numbers.  In a second order linear difference equation with constant coefficients, cycles can occur in all three cases: where the roots of the auxiliary equation are real and distinct, real and equal, and conjugate complex.  For example, in the first case if 
[image: image1579.wmf]1

m

 and 
[image: image1580.wmf]2

m

 are the distinct roots and 
[image: image1581.wmf]12

mm

>

 with 
[image: image1582.wmf]1

m

 negative then eventually 
[image: image1583.wmf]1

m

 dominates and we have cycles. This means that for difference equations, unlike differential equations we must look at the conditions on the parameters of our model that ensure
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10.5


(i)
Substituting into the definitional equation we have
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(ii)
The auxiliary equation has real and distinct roots if 
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so both roots are positive and the time path for Y is not subject to oscillations.

The larger root is 
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(iii)
Real and equal roots of the auxiliary equation if
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so we have explosive growth with no oscillations.


(iv)
We have cycles if the roots of the auxiliary equation are conjugate complex numbers.  The condition needed to ensure this case is
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The absolute value of these roots is
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Explosive growth for Y with no oscillations

(b)

[image: image1610.wmf]4

vs

<


Oscillations for Y
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10.6
1.
(i)
Substituting 
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so by Schur’s theorem the time path for y will be divergent.


(ii)
Substituting 
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so by Schur’s theorem the time path for y is divergent.


(iii)
The auxiliary equation is
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so by Schur’s theorem the time path for y is convergent.

3. We must first write our difference equation in its alternative form.  Now
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so substituting back into our difference equation gives
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Collecting terms gives
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The auxiliary equation is then
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Schur’s theorem states that the roots of this polynomial will all have absolute values less than 1 if and only if


[image: image1629.wmf]132

1

132

11

11

aaa

aaa

+--

D=

+--



 EMBED Equation.DSMT4  [image: image1630.wmf]13212

1132

2

1321

12132

10132

3101

1013

32101

aaaaa

aaaa

aaaa

aaaaa

+---+

-+--

D=

+---

-++--



[image: image1631.wmf]132121

113212

121132

3

132112

121321

112132

1001323

3100132

3231001

1001332

3210013

3321001

aaaaaa

aaaaaa

aaaaaa

aaaaaa

aaaaaa

aaaaaa

+---+-

-+---+

-+-+--

D=

+----+

-++---

--++--


are all positive.

Exercises for Chapter 11

11.3

1.
(i)
The Hamiltonian is
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so the value of u that minimizes H is
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so the optimal time paths are
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(ii)
The Hamiltonian is
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which is concave in u and x.  Now
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so the value of u that maximizes H is
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so we have the first order linear differential equation
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A particular solution to this equation is
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so the general solution is
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So our optimal time paths are


[image: image1655.wmf](

)

(

)

(

)

*

*

*

40.98275.0173

0.9827

20.9827.

tt

t

t

xtee

te

ute

l

-

-

-

=-++

=-

=-+



(iii)
The Hamiltonian is
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which is concave in x and u.  As
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the value of u that maximizes H is
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yielding the differential equation
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The general solution to the homogeneous form of this equation is 
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Thus the general solution to the state equation is
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Using the end point conditions we have
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(2)

From equation (1) we have 
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Thus our optimal time paths are
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2.
(i)
The consumer’s problem is
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W and C expressed in millions of dollars.  The control variable is consumption 
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(ii)
The Hamiltonian is
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The necessary conditions are


[image: image1681.wmf]0.02

0

t

He

CC

¶

l

¶

-

=-=


as 
[image: image1682.wmf]2

2

0,

H

C

¶

¶

<



[image: image1683.wmf](

)

(

)

0.05

0.05

01,400.5.

H

w

WWC

WW

¶

ll

¶

¢

=-=-

¢

=-

==


As the Hameltonian is concave in C and W, (the sum of concave functions) these conditions are also sufficient.


(iii)
The value of C that maximizes the Hameltonian is
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From the costate equation we have the first order linear differential equation
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which has a general solution given by
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The state equation gives the differential equation
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which has a general solution given by
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The consumer’s optimal time path for consumption is then
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and the accompanying time path for the consumer’s wealth is
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3.
(i)
Substituting 
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(ii)
The Hamiltonian for this problem is
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and the necessary conditions for an optimal solution are
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Differentiating both sides of equation (1) with respect to t yields
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Using equations (2) and (3) renders Euler’s equation

11.4

1.
(i)
The Hamiltonian is
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which is concave in x and u and as
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the value of u that maximizes H is
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The costate equation is
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which has a solution given by
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The state equation is
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which is a nonhomogeneous linear differential equation of degree 1 whose general solution is
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Hence our optimal time paths are
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(ii)
The Hamiltonian is
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which is concave in x and u and has derivatives
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so the value of u that maximizes H is
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The costate equation is
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which has as its general solution
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As x(1) is free
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The state equation is
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(iii)
Proceeding as we did for exercise 1.(iii) of Section 11.3 we have
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which clearly is not greater or equal to 3.
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Thus our optimal time paths are
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(iv)
The Hamiltonian is
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(v)
The Hamiltonian is
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This is a monotonically decreasing function in t and its maximum value on our time horizon is
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(vi)
The Hamiltonian is
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The state equation is
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(i)
The consumer’s problem is
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(ii)
The Hamiltonian is
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The function log C is concave in C, and the linear function 
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and H is concave in W and C so these conditions are also sufficient.


(iv)
The value of C that maximizes H is
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(vi)
Optimal consumption will rise over time if 
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(i)
The problem facing the community is
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(ii)
The Hamiltonian is
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which is clearly concave in u.  A set of necessary and sufficient conditions for an optimal solution is
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(iii)
The value of u that maximizes H is 
[image: image1824.wmf].

u

a

l

=

  From the costate equation


[image: image1825.wmf](

)

1

tc

l

=


an arbitrary constant.  The transversality condition requires that 
[image: image1826.wmf]1

0

c

³

 and 
[image: image1827.wmf]1

u

c

a

=

 prohibits 
[image: image1828.wmf]1

0

c

=

 so 
[image: image1829.wmf](

)

1000.

c

l

=>

  The state equation renders


[image: image1830.wmf]1

,

x

c

a

¢

=-


which has as its solution
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The optimal rate of extraction is then
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The elasticity of marginal utility is
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(ii)
We have


[image: image1845.wmf](

)

(

)

3

1

44

YKL

LLL

=


so


[image: image1846.wmf]3

4

.

y

=

k


The problem facing the economy is
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(iii)
The Hamiltonian is
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(iv)
The necessary conditions for an optimal solution are
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(2)
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From equation (1)
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This equation with the state equation gives the required system of differential equations.
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Solving for 
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(v)
At the steady state
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It follows that the transversality condition holds at the steady state.
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