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Functions in Economics

OBJECTIVES

In this chapter you learn to
n Appreciate why economists use mathematics
n Plot points on graphs and handle negative values
n Express relationships using linear and power functions, substitute values

and sketch the functions
n Use the basic rules of algebra and carry out accurate calculations
n Work with fractions
n Handle powers and indices
n Interpret functions of several variables
n Apply the approach to economic variables
n Understand the relationship between total and average revenue
n Obtain and plot various cost functions
n Write an expression for profit
n Depict production functions using isoquants and find the average

product of labour
n Use Excel to plot functions and perform calculations

We can express economic analysis more precisely when we use mathematics. The
approach may not always be appropriate, because economics deals with people and
sometimes we may prefer to give a verbal description of their behaviour. The applica-
tion of mathematics, however, has allowed economic theory to advance and provides
the basis for computer models of the economy that have been developed. As you

SECTION 1.1: Introduction
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progress in economics you will find mathematics is used in various ways in textbooks
and in journal articles.

In introductory economics you study the relationship between various cost curves
such as average variable cost, total cost and marginal cost. Mathematics makes relation-
ships explicit and tells us that if one of the cost curves has a particular shape, each of
the others has another specific shape. The positions at which the average and marginal
curves cross one another can also be exactly determined. In measuring elasticity of
demand there can be ambiguity, but mathematics gives us a precise measure in the
form of point elasticity, and this resolves the difficulty. Economic models include those
representing supply and demand in a market, and models of the economy used in
macroeconomics. Each model is expressed as a system of equations. We can investigate
how it works and solve the equations to find equilibrium values for the system.

Mathematics is used for modelling financial processes, and it enables us to show
how optimization subject to constraints can be achieved. In ways such as these it is
useful to businesses. It is therefore a career-relevant subject and a good grade is useful

for impressing potential employers. In this chapter you learn how to handle
the kinds of functional relationships needed for economic and financial
modelling.

The last section of this chapter gives you ideas for using Microsoft Excel
to plot graphs and carry out calculations. A computer spreadsheet such as
Excel can help you present many kinds of quantitative information. Since it
relieves the tedium of computations it makes it possible for you to investi-
gate more aspects of a topic, thus deepening your understanding. The
ability to use Excel is a transferable skill and to help you develop it there are
example worksheets included on the CD.

To see examples of how mathematics is useful in both microeconomics
and macroeconomics, work through the MathEcon section 2 screen titled
Economic Problems – Basic Mathematics. Another screen you may like to
try is Objectives and Actions: Looking Ahead. This lets you make choices

to try to achieve a particular objective. The algebra underlying the model is revealed by
the Advanced button.

A horizontal and a vertical line form the axes of a graph. Each is marked with a
measurement scale. The intervals shown on each scale are chosen for convenience and
are not necessarily the same on both axes. The horizontal axis is called, in general, the
x axis and the vertical axis the y axis. In a particular example we may give other names
to the axes to indicate what is being measured on them. Where the axes intersect, x and
y both take the value 0. This is called the origin and is denoted 0. As we move to the
right along the horizontal axis the values of x get larger (and y remains at 0). When we
move up the vertical axis y increases (and x stays at 0).

The MathEcon chapter 1 screens in the
section titled Introductory Mathematics
suggest ways of using the screens, give
you a dynamic demonstration of plotting
points on a graph and highlight important
algebraic results. The questions and quiz-
zes challenge your understanding of par-
ticular concepts, so be sure to try them.
Useful reference material is provided by the
Summary of the Basics screen, which lets
you access the main rules or methods for
each of the previous screens.

SECTION 1.2: Coordinates and Graphs
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coordinates: a pair of numbers (x,y) that represent the position of a point. The
first number is the horizontal distance of the point from the origin, the second
number is the vertical distance.

P L O T T I N G  N E G A T I V E  V A L U E S

A graph like that shown in figure 1.1 lets us plot only positive values of x and y. It
is said to comprise the positive quadrant. As economists we sometimes have to deal
with negative values. For example, as the quantity sold increases marginal revenue
may become negative, and investment may be negative if stocks are run down. To

x axis: the horizontal line along which values of x are measured. Values along
the axis increase from left to right.

y axis: the vertical line up which values of y are measured. Values on the axis
increase from bottom to top.

origin: the point at which the axes intersect, where x and y are both 0.

The pair of values x = 7, y = 2 can be represented by a point plotted
7 units to the right of the origin and 2 units up from it. This is shown as
point A in figure 1.1. A point can be described by its coordinates, which
in general are written (x,y). That is, the horizontal, or x distance from the
origin is always given first, followed by the vertical, or y distance. The
coordinates of point A are (7, 2).

To see how we plot points, use the
MathEcon screen Coordinates and Graphs.
For an example of graph plotting in eco-
nomics, see The Demand Curve of an Indi-
vidual screen.

Figure 1.1 Point A has coordinates (7,2)
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depict negative values we use a graph such as that shown in figure 1.2 where the
x and y axes extend in both directions from the origin, dividing the area into four
quadrants. As we move leftwards along the x axis the values of x get smaller. To
the left of the origin x is negative and as we move further left still it becomes more
negative and smaller. So, for example, −6 is a smaller number than −2 and occurs
to the left of it on the x axis. On the y axis negative numbers occur below the
origin.

positive quadrant: the area above the x axis and to the right of the y axis
where both x and y take positive values.

Plot the points A = (3,0) B = (−5,4) C = (2,−4) D = (−2,−3)

The points are located as shown in figure 1.2.
A (3,0) is 3 units to the right of the origin and on the x axis.
B (−5,4) is 5 units to the left of the origin and 4 units up.
C (2,−4) is 2 to the right of the origin and 4 below the x axis.
D (−2,−3) is 2 to the left of the origin and 3 down from the x axis.

Figure 1.2
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Plot the points A = (6,2) B = (0,5) C = (−7,3) D = (−4,−2)
E = (3,−6)

A variable takes on different values, perhaps at different times, for different people or in
different places. So that we can analyse the relationship between variables, we identify
each of them by a letter or symbol. If there are just two variables the values they take
can easily be plotted as points on a graph and the variable names x and y are often used,
corresponding to the horizontal and vertical axes respectively. We shall use these as our
basic variable names, but other letters can also be used and in economics examples we
shall choose names as appropriate.

variable: a quantity represented by a symbol that can take different possible
values.

constant: a quantity whose value is fixed, even if we do not know its numerical
amount.

A constant remains fixed while we study a relationship. It could be the proportion of
income that is saved, or the level of utility that is achieved on a particular indifference
curve. Sometimes we may know the numerical value of a constant, but if we do not or
if we want to obtain general results we may use a letter or symbol to represent the
constant. Letters commonly used to represent constants are: a, b, c, k.

If one variable, y, changes in a systematic way as another variable, x, changes we say
y is a function of x. The mathematical notation for this is

y = f(x)

where the letter f is used to denote a function. The brackets used in specifying this
functional relationship do not indicate multiplication. The variable inside them is the
one whose values we need to know to determine the values of the other variable, y, on
the left-hand side. Letters other than f can be used to denote a function. If we have
more than one functional relationship we can indicate they are different by using
different letters, such as g or h. For instance, we may write

??1.1

SECTION 1.3: Variables and Functions
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y = g(x)

which we again read as ‘y is a function of x’.
An example of a function in economics is that total cost is a function of output. We

may choose Q to represent output and write TC as a single variable name standing for
total cost. The function can then be expressed as TC = f(Q ). We are using Q in place
of variable x and TC in place of y.

function: a systematic relationship between pairs of values of the variables,
written y = f(x).

S U B S T I T U T I O N  O F  X  V A L U E S

A function gives us a general rule for obtaining values of y from values of x. An
example is

y = 4x + 5

The expression 4x means 4 × x. It is conventional to omit the multiplication sign. To
evaluate the function for a particular value of x, multiply that x value by 4 and then add
5 to find the corresponding value of y. If x = 6

y = (4 × 6) + 5 = 29

These x and y values give us the point (6,29) on the graph of the function. Now let us
find the y value when x = 0. Substituting for x we obtain y = (4 × 0) + 5 = 5, since
multiplying by 0 gives 0.

Substituting different values of x gives different points on the graph.
Since the function tells us how to obtain y from any x value, y is said to be
dependent on x, and x is known as the independent variable. Notice that on
a graph the independent variable is plotted on the horizontal axis, and the
dependent variable on the vertical axis.

Remember...Remember...

See section 1.4 on
multiplying by 0.

• If y is a function of x, y = f(x).
• A function is a rule telling us how to obtain y values

from x values.
• x is known as the independent variable, y as the dependent variable.
• The independent variable is plotted on the horizontal axis, the dependent variable

on the vertical axis.
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L I N E A R  F U N C T I O N S

If the relationship between x and y takes the form

y = 6x

when we substitute various x values to obtain the corresponding y values we find that
all the pairs of x and y values are points lying on a straight line. Listed below are some
x values with the corresponding y values:

x 0 5 10
y 0 30 60

The points (0,0), (5,30) and (10,60) all lie on a straight line as shown in figure 1.3.
Notice that the line passes through the origin. Each y value is 6 times the x value, and
we say that y is proportional to x.

Figure 1.3 A linear function, y = 6x

proportional relationship: each y value is the same amount times the cor-
responding x value, so all points lie on a straight line through the origin.

linear function: a relationship in which all the pairs of values form points on a
straight line.

In general, a function of the form y = bx represents a straight line passing through
the origin. Since y is always b times x, the relationship between the variables is said to
be a proportional one.

shift: a vertical movement upwards or downwards of a line or curve.
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Adding a constant to a function shifts the function vertically upwards by the amount
of the constant. The function

y = 6x + 20

has y values that are 20 more than those of the previous function at every value of x.
Using the same x values as before we obtain the points: (0,20), (5,50), (10,80). As
figure 1.4 shows, the function y = 6x + 20 forms a straight line with the same slope as
the previous line, but cutting the y axis at 20. This is called the intercept.

Remember...Remember...

intercept: the value at which a function cuts the y axis.

It is useful to recognize linear functions. If a function has just a term in x
and, perhaps, a constant it is linear. A linear function has the general form
y = a + bx. You can plot the graph of a linear function by finding just two
points. Connecting these points with a straight line gives you the graph,
and you can extend it beyond the points if you wish.

We study linear functions
further in section 2.6 Linear

Equations.

Figure 1.4 Adding a constant shifts the linear function up

A function with just a term in x and (perhaps) a constant is
a linear function. It has the general form

y = a + bx
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P O W E R  F U N C T I O N S

power: an index indicating the number of times that the item to which it is
applied is multiplied by itself.

Many of the functions economists use to model relationships are power functions in
which the variable x appears raised to a power. Simple examples are

y = x 2 (a)

z = 7x 2 (b)

In function (a), the number superscripted to the right of x is called a power.
When something is raised to a power we have to multiply that item by itself the
number of times shown by the power. In this case, then, x 2 = x × x, and the rule given
by function (a) is that we must multiply x by itself to find the value of y. Similarly,
function (b) can be written z = 7 × x × x. To evaluate it for a particular value of
x we find x 2 (often called x squared) and then multiply it by 7 to obtain z. If x = 5
we have

y = 52 = 5 × 5 = 25 (a)

z = 7 × 52 = 7 × 25 = 175 (b)

Functions often have more than one term and one of them may be a constant, for
example

y = 140 + 7x 2 − 2x 3

In this function the highest power of x that appears is 3. The superscripted symbol x 3

is called x cubed and a power function in which x 3 is the highest power of x is called
a cubic function. A function such as

y = 25x 2 + 74

has x 2 as the highest power of x and is called a quadratic function.

quadratic function: a function in which the highest power of x is 2. There may
also be a term in x and a constant, but no other terms.

cubic function: a function in which the highest power of x is 3. There may also
be terms in x2, x and a constant, but no other terms.
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In chapter 6 we will study a
method for identifying

maximum and minimum
values.

S K E T C H I N G  F U N C T I O N S

To help us visualize the nature of the relationship between two variables it is often
useful to sketch a graph of the function. This does not have to be a precise graph. We

just want to see its general shape. The method is to choose some x values,
substitute them in the function to find the corresponding y values, and then
plot the graph. Note that in economics it is often only positive values of x
that are meaningful. Usually you need to plot a number of points to see the
shape of the function, but for a linear function two points are sufficient.
The steps in the process are listed below.

Now use the MathEcon screen Variables
and Functions to consolidate your under-
standing. Answer the question it poses,
then continue and click the question but-
ton to check that you understand the terms
constant, variable and function.

Remember...Remember...To sketch a function

• Decide what to plot on the x axis and on the y axis.
• List some possible and meaningful x values, choosing easy ones such as 0, 1, 10.
• Find the y values corresponding to each, and list them alongside.
• Look for points where an axis is crossed (x = 0 or y = 0).
• Look for maximum and minimum values at which the graph turns downwards or

upwards.
• If you are not sure of the correct shape, try one or two more x values.
• Connect the points with a smooth curve.

The functions that we use to represent economic relationships are usually
single valued functions. When we substitute a value of x in the function we
normally obtain a unique value of y that corresponds to it. You should be
aware, however, that multivalued functions exist. These have more than one
y value corresponding to one x value. For the function y 2 = x there are two

y values corresponding to every x value. If x equals 9, say, y is a number which when
multiplied by itself gives 9. This implies either y = 3 or y = −3, since 3 × 3 = 9 and
(−3) × (−3) = 9.

U S I N G  E X C E L

You can use a computer spreadsheet such as Excel to calculate the values of
functions and plot their graphs. You enter the formula for the function
once and then copy it, so that calculating a large number of values of the

For information on multiplying
negative numbers see section

1.4 Basic Rules of Algebra.
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function becomes easy. You can inspect those values for maximum and minimum
values, and can plot them on a graph. The file Function.xls contains examples for you
to use, including a worksheet called Power function that will plot graphs for you.
Further information about this is provided in section 1.13.

Sketch and briefly describe the following functions for positive values of x

y = 2x 3 − 50x (a)

y = 14 (b)

(a) This is a cubic function, so we need to choose a number of x values, say
from 0 to 10, and substitute them in the function. You may find it helpful to
evaluate each term separately and then to subtract the second from the first.
The sketch we obtain is shown in figure 1.5. The curve passes through the
origin, is negative for values of x between 0 and 5, crosses the x axis at 5, and
is positive for larger x values. If you plot less points your sketch will be less
accurate, but will probably still be adequate for many purposes. Notice, how-
ever, that using only the x values 0, 5 and 10 would fail to reveal that part of
the curve lies below the x axis.

x 0 1 2 3 4 5 6 7 8 9 10
2x 3 0 2 16 54 128 250 432 686 1024 1458 2000
50x 0 50 100 150 200 250 300 350 400 450 500
y = 2x 3 − 50x
y = 0 −48 −84 −96 −72 0 132 336 624 1008 1500

2

(b) The function y = 14 says y is a constant. Whatever the value of x, y has the
value 14. The graph in figure 1.6 shows a horizontal straight line.

Figure 1.5
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Sketch graphs of the functions for values of x between 0 and 10

(a) y = 0.5x (b) y = 0.5x + 6 (c) y = x 2 (d) y = 3x 2

Which of them are linear? Which is a proportional relationship? What is
the effect of adding a constant term?

Draw the line y = x using equal scales on the horizontal and vertical axes.
What angle does the line make with the horizontal axis?

In evaluating algebraic or arithmetic statements certain rules have to be observed about
the order in which various operations take place. This means you need to look carefully
at an expression before you evaluate it and decide what to calculate first. It is no more
difficult to calculate the right answer than the wrong one – you just have to take care
in applying the rules about precedence. In an economics example the correct answer
should correspond to what would be the diagrammatic solution to the problem, whereas
a wrong answer can be completely meaningless – negative price and quantity, for example.

As an illustration, let us find the value of y from the following equation when x = 3:

y = 10 + 6x 2

• We first substitute the value 3 for x and square it, giving 9
• then multiply this by 6, obtaining 54
• and finally add this result to the value 10 giving the answer y = 64.

1.2

1.3
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Figure 1.6

SECTION 1.4: Basic Rules of Algebra
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Notice that since x 2 = x × x it is different from 2x (except when x = 2). As to the order
of the calculation, we have to pick out the term involving exponentiation (raising to a
power) and do this first, followed by multiplication and after that addition. Brackets
can be used to alter, or clarify, the order in which operations are to take place. Our
previous statement is changed if brackets are inserted as shown and x remains 3:

y = (10 + 6)x 2

A number or symbol immediately before or after brackets implies that everything inside
the brackets is to be multiplied by this item. Hence the brackets indicate that what they
enclose is to be evaluated first and the result multiplied by the value outside. The above
expression could be written

y = (10 + 6) × x 2

Evaluating this, we do the bit in brackets first and so add 10 + 6, giving 16. As before,
x 2 is 9 but this is now multiplied by 16 giving a value for the expression of 144. Notice
that in writing algebraic statements the multiplication sign is often omitted, or some-
times replaced by a dot.

The reciprocal of x is 1/x. Instead of dividing by a value we can multiply by the
reciprocal of that value. For example, (y + 11) ÷ x = (y + 11) × 1/x.

exponentiation: raising to a power.
reciprocal of a value: is 1 divided by that value.

An expression in brackets immediately preceded or followed
by a value implies that the whole expression in the brackets
is to be multiplied by that value.

The order of algebraic operations is

1. If there are brackets, do what is inside the brackets first
2. Exponentiation
3. Multiplication and division
4. Addition and subtraction

You may like to remember the acronym BEDMAS, meaning brackets, exponentiation,
division, multiplication, addition, subtraction.

Remember...Remember...

Remember...Remember...
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3

In working with economic models you should use brackets if you substitute an
expression for a variable. This helps ensure you keep the calculation correct. In the
worked example below notice how the brackets help us get the correct negative sign on
the Y term in the answer.

If exports, X, and imports, Z, are given by X = 450 and Z = 70 + 0.1Y respectively,
write an expression for net exports, NX = X − Z in terms of income, Y.

NX = X − Z

Putting brackets around the expression for Z as we substitute gives

NX = 450 − (70 + 0.1Y )

and multiplying out we obtain

NX = 450 − 70 − 0.1Y = 380 − 0.1Y

C A L C U L A T O R S  A N D  C O M P U T E R S

Most modern calculators use algebraic logic, but remember you do have to put in the
multiplication signs. Try entering each of the calculations in the above subsection in
your calculator in the order in which it is written and check for the correct answer.

Computer spreadsheet programs also allow you to enter arithmetic statements in a
format similar to that in which they are written. The computer does need to recognize
that you are giving it a value to evaluate. In Microsoft Excel this is done by starting the
expression with an equals sign. Signs to indicate multiplication and exponentiation are
also needed, and for these the * and ^ are used. Further information and examples on
using Excel for calculations are provided in section 1.13.

O R D E R  W I T H I N  A N  E X P R E S S I O N

Except when the rules about precedence indicate otherwise, we usually evaluate alge-
braic expressions working from left to right. Sometimes, however, you can make a
calculation easier by choosing which part of it you do first. If you do this you must be
sure your order of operations is legitimate.

Addition or multiplication of numbers can occur in any order. Take as an example
19 + 27 + 1. This is the same as 19 + 1 + 27, which is quicker to add in your head and
gives 47.

A multiplicative example is 5 × 17 × 2 = 5 × 2 × 17. It is easier first to multiply 5 by
2 than by 17, and so the answer of 170 is easy to work out in your head with the
second arrangement.
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Brackets may sometimes be used in sums or products to group terms, perhaps
because of their economic significance, but the value of the result is not affected. For
example

(19 + 1) + 27 = 19 + (1 + 27) = 47

and

(5 × 2) × 17 = 5 × (2 × 17) = 170

In subtraction and division the order of the terms is important. The value following
a minus sign is subtracted from the value that precedes it. When a division is specified
the first number is to be divided by the second. Interchanging the terms of a subtrac-
tion or division would alter the value of the expression and so is not permissible. For
example

8 − 6 = 2, while 6 − 8 = −2

and

8 ÷ 4 = 2, while 4 ÷ 8 = 1/2

N E G A T I V E  N U M B E R S

We can regard the x axis as a number scale. The values get bigger as we move to the
right and smaller as we move to the left. Addition moves you to the right along the
scale and subtraction moves you to the left, if the value being added or subtracted
is positive. As you evaluate a complex expression you may have to add or subtract a
negative number. The negative sign reverses the direction in which you move. Removing
brackets around negative numbers, a plus and a minus sign together become a minus,
while two minus signs together become a plus. Hence

7 + (−3) = 7 − 3 = 4 (a)

Adding a negative number is the same as subtracting a positive number and you move
to the left on the number scale. However,

7 − (−3) = 7 + 3 = 10 (b)

Subtracting a negative number is the same as an addition and you move to the right on
the number scale.

When you evaluate an expression that begins with a negative number you start at a
position on the x axis to the left of the origin. If you add a positive number you move
to the right, while a subtraction moves you to the left. Remember you can reorder the
terms in an addition if you wish. Examples are

−5 + 6 = 6 − 5 = 1 (c)

−5 − 6 = −(5 + 6) = −11 (d)

The MathEcon screen Basic Rules of Algebra
describes these properties further. Try the
quiz for some practise in evaluating a com-
plex expression.
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Both terms in (d) have a negative sign so we may rewrite the expression
using brackets as shown. Notice that the result is more negative than the
number we started with.

In multiplications involving one or more negative numbers we bring the
signs to the front of the terms we are multiplying. Again one plus and one

minus sign together become a minus, while two minus signs become a plus. Division is
similar to multiplication and the same rules about signs apply. For example

2 × (−5) = −10 (e)

(−2) × (−5) = −(−10) = 10 (f )

10 ÷ (−2) = −10 ÷ 2 = −5 (g)

(−10) ÷ (−2) = −(−10 ÷ 2) = 5 (h)

Take care in applying these rules to squared terms. Notice that −52 is −25 because
exponentiation is done first and the negative of the result is taken, whereas (−5)2 is 25
because the brackets instruct us to multiply −5 by itself, so there are two negative signs
which yield a positive value.

Factors and brackets are
explained further in the next

but two subsection.

Remember...Remember...When two signs come together

− + (or + −) gives −

− − gives +

C A L C U L A T O R S  A N D  N E G A T I V E  S I G N S

If you enter two arithmetic signs consecutively into a calculator, for example, × fol-
lowed by −, it often assumes the second is a correction for the first. Some calculators
have a (−) sign for entering a minus sign that precedes a number. If yours does not,
then for correct calculator evaluation of expressions (a), (b) and (e) to (h) you should
enter the brackets as shown. If an expression starts with a minus sign as does (c), you
may find that if you begin by entering −5 into your calculator the minus sign is not
shown. You may, however, get the correct result. To get the calculator to show you it
has a negative sign at the start of a calculation you can put the term in brackets.
Alternatively, if you have a +/− key you can enter a positive number and press the +/−
key to change the sign. Try out your calculator on expressions (a) to (h) so you are
sure of how to enter expressions that include negative signs.

M U L T I P L I C A T I O N  A N D  D I V I S I O N  I N V O L V I N G  1  A N D  0

When we multiply or divide by 1 the expression is unchanged, whereas if we multiply
or divide by −1 the sign of the expression changes. Hence
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39 × 1 = 39, 23 × (−1) = −23, 92/1 = 92, 17/(−1) = −17

In algebraic expressions, if we have 2 × x we write 2x, but if we have 1 × x we simply
write x. It is important to know that the 1 is implied, although it is not stated. Also,
because multiplication by 1 does not change anything, any expression can be considered
as being multiplied by 1. This concept has an important parallel in matrix algebra.

Remove the brackets from the expression y = −(6x 3 − 15x 2 + x − 1)

Each term inside the brackets is multiplied by −1, so we have

y = −6x 3 + 15x 2 − x + 1

When we multiply by 0, the answer is 0. For example, consider different multiples of 8

3 × 8 = 24 = 8 + 8 + 8

2 × 8 = 16 = 8 + 8

1 × 8 = 8 (there is just one 8 with nothing to add to it)

0 × 8 = 0 (there are no 8’s, and therefore nothing)

Division divides a value into parts, but if there is nothing to begin with the result of
division is nothing, for example

0 ÷ 4 = 0

Division of 0 gives the answer 0.
Division by 0, however, gives a quite different result, namely one that is infinitely large

if it is positive, or infinitely small if it is negative. Check to see what your calculator gives
for 14 ÷ 0. You should find it does not give you a numerical answer. We sometimes
want to exclude the possibility of division by 0 and so, for example, we may define a
function for a specified set of values, excluding any that would imply division by 0. To
see that division by 0 gives a very large number which may have a negative sign
(making it infinitely small), consider dividing 5 by successively smaller numbers:

5 ÷ 1 = 5

5 ÷
  

1
2

= 10

5 ÷
  

1
10

= 50

4
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An example of where you may encounter division by zero in studying economics is
shown on the MathEcon screen Deriving the Short-Run Average Fixed Cost (AFC)
and Average Variable Cost (AVC) Curves. Total fixed cost (FC) is a constant and
average fixed cost is found by dividing it by the level of output, Q. The values of Q that
we consider are positive values starting from 0. If Q = 0, then AFC = FC/Q is infinite.
Labour employed, L, determines the values of output, Q , and variable cost, VC. When
L = 0, both Q and VC are zero. The formula AVC = VC/Q therefore gives 0 ÷ 0. This
result is meaningless. What we can do instead is use a small fractional value for L. If
L = 0.001, Q = 0.35, VC = 20 and AVC = 20/0.35 = 57.14. If you want to check this,
the production function from which the values of Q are calculated is shown on the
screen Short-Run Production Functions: A Numerical Example.

F A C T O R S  A N D  M U L T I P L Y I N G  O U T  B R A C K E T S

To help us evaluate an expression we may want to take out a common factor from each
of several terms, or on other occasions we may wish to perform the opposite operation of
multiplying out the brackets. With a bit of practise you will find you can recognize a
pattern in the best way to approach a particular type of problem. For example, suppose

Remember...Remember...1 × x = x, (−1) × x = −x

• Any value multiplied by 0 is 0.
• 0 divided by any value except 0 is 0.
• Division by 0 gives an infinitely large number which may be positive or negative.
• Be wary of division by 0.

5 ÷
  

1
100

= 500

5 ÷
  

1
1000

= 5000

As the number we are dividing by gets closer and closer to 0 in the list above, the result
gets larger and larger. It seems that division by 0 gives an infinitely large positive
number. But if each of the divisors above were negative, they would still be getting
closer and closer to 0, but would be approaching it from the left of zero on the
number scale. Each answer would be the negative of the one shown and so division by
0 can give a result of infinitely large magnitude but with a negative sign, so that the
value is infinitely small.

The only general statement we can make about the result of dividing 0 by 0, 0 ÷ 0,
is to say it is undefined. In a particular case it may be possible to study what happens
as both the numerator and the denominator get very small.
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Remember to use the rules
about signs discussed in the

Negative Numbers subsection.

y = 6x − 3x 2

Remembering that this is a shorthand way of writing

y = (6 × x) − (3 × x × x)

we see that each of the terms on the right-hand side can be exactly divided by 3 × x,
because (6 × x)/(3 × x) = 2 and (−3 × x × x)/(3 × x) = −x. The amount that we can
divide by, 3 × x, is called a common factor. We can rewrite the original expression
using brackets that contain the terms after they have been divided by the common
factor, and with the common factor outside, multiplying the whole. This is called
factorizing the expression and gives

y = 3 × x × (2 − x)

It is usual to write this without the multiplication signs as

y = 3x (2 − x)

factorizing: writing an expression as a product that when multiplied out gives
the original expression.

Alternatively, it may be useful to multiply out brackets and so remove them. If one
expression is written immediately next to an expression in brackets, the implication is
that these are multiplied together. To multiply out, we multiply each term in the
brackets by the expression outside the brackets. Consider, for example

3x (2 − x)

To multiply out the brackets we multiply 2 by 3x, then multiply −x by 3x giving

3x (2 − x) = 6x − 3x 2

When two brackets are multiplied together, to remove them we multiply
each term in the second bracket by each term in the first bracket. It is then
usual to simplify the result by collecting terms where possible. For example

(a − b)(−c + d) = −ac + ad + bc − bd

Another example of multiplying out brackets is

(x − 7)(4 − 3x) = 4x − 3x 2 − 28 + 21x

= −3x 2 + 25x − 28

Here the simplification involves adding the two terms in x. Notice that since factorization
is the reverse process to multiplying out brackets, had you been given the right-hand
side of the expression you could have factorized it to obtain the left-hand side, but the
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factors might not have been immediately obvious. Factorizing a quadratic
expression involves some intelligent guesswork. You have to look for two
expressions that multiply together to give you the one you started with.
You should also be aware that not every quadratic expression factorizes to a
product of expressions that contain integer values. The following standard
results of multiplying out brackets are helpful:

(a + b)2 = a2 + 2ab + b2

(a − b)2 = a2 − 2ab + b2

(a + b)(a − b) = a2 − b2

You are asked to show these results in practice problem 1.7 below.

Remember...Remember...

You can see another example on the
MathEcon screen Basic Rules of Algebra
under the heading Combined Multiplica-
tion and Addition.

A C C U R A C Y

When your calculations give non-integer results it is often appropriate to round your
answer. To give an answer correct to two decimal places you round it up if the value
in the third decimal place is 5 or over. If such an answer is to be used in a further
calculation, however, to maintain as much accuracy as possible you should retain the
value in your calculator and continue the calculation. This is especially important when
answers to different parts of a calculation are to be multiplied together, since any
inaccuracies would be compounded. In evaluating

  
100

5
9

36
2
7

    ×






×






you can input this into a calculator in one step as (500/9) × (72/7) and round up to get an
answer of 571.43. But notice that if you do the calculation in steps, rounding up after
each one (i.e. 500/9 = 55.56; 72/7 = 10.29; then 55.56 × 10.29), you get the inaccurate
result of 571.71 because each of the intermediate results has been rounded up.

An expression in brackets written immediately next to
another expression implies that the expressions are multiplied
together.

Multiplying out brackets
One pair: multiply each of the terms in brackets by the term outside.
Two pairs: multiply each term in the second bracket by each term in the first bracket.

Factorizing: look for a common factor, or for expressions that multiply together to
give the original expression.
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Evaluate each expression without using a calculator and then check your
answer using a calculator

(a) 35 − 2x 2 when x = 4 and when x = 5

(b) (25 − 23)x 2 when x = 4 and when x = −4

(c)
  

10
5

− 4 (d)
  

10
5 4  −

(e)
  

10
4

− 5 (f ) 2 + (3 × 5)

(g) −6 × (3 − 7) (h) 32 − 2 ÷ 10

(i) −12 − 8 × 3 (j) −15 − (−9)

(k) √25

If a consumer spends two-thirds of any increase in income and her
income increases by $100, what is the increase in her spending?

Factorize

(a) −10x − 45x 2 (b) 143x − 52

(c) 5x 2 + 5x − 20xy

(a) Multiply (or divide) out the brackets and simplify as far as possible

(i) 8x(10 − 7x) (ii) (2x + 5)(9 − 3x)

(iii) (11 − x)(12 − 4x) (iv) 24 + 0.8(x − 675)

(v)
    

1600 12
0 8
  
.
− x

(b) Simplify

(i) 232x − 2x 2 − 100 − 150x + 0.36x 2

(ii)
    

100 150 36 2    + −x x
x

(iii) x − 0.8x (iv) 4(x − 0.75x)

(c) Subtract 150 + 70x − x 2 + 0.5x 3 from 270x − 3x 2 and simplify your
answer

(d) Evaluate 30 + 18x − 0.6x 2 when x = 15

1.4

1.5

1.6

??

1.7
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1.8

See MathEcon screen Optimal Consump-
tion Choice.

(e) By writing the square of a term in brackets as the product of terms,
show the following results:

(i) (a + b)2 = a2 + 2ab + b2 (ii) (a − b)2 = a2 − 2ab + b2

(iii) (a + b)(a − b) = a2 − b2

(a) Check the following

(i) (x − 7) and (x + 5) are factors of x 2 − 2x − 35

(ii) (3x + 1) and (x + 8) are factors of 3x 2 + 25x + 8

(iii) (2x + 9) and (x − 1) are factors of 2x 2 + 7x − 9

(b) Factorize

(i) x 2 + 10x + 21 (ii) 3x 2 + 14x − 5

(iii) 2x 2 + 8x − 10 (iv) 3x 2 + 26x + 55

Sometimes the functions economists use involve fractions. For example, 1/4 of people’s
income may be taken by the government in income tax, and 5/7 of disposable income

may be spent on consumption. Sometimes an optimal situation is identified
when one ratio equals another, as shown by the following example. When
the ratio of the prices of two goods equals the ratio of their marginal
utilities, spending is optimally allocated between the two goods.

fraction: a part of a whole.
ratio: one quantity divided by another quantity.

In numerical calculations you may choose if you prefer to write fractions as decimals,
for example, 1/4 = 0.25. But for demonstrating various algebraic results you need to
know the basic rules of working with fractions. These rules are listed below.

A fraction is a part of a whole. For example, if a household spends 1/5 of its total
weekly expenditure on housing, the share of housing in the household’s total weekly

SECTION 1.5: Fractions and Sharing
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expenditure is 1/5. We can find the amount spent by multiplying the share, which is a
fraction, by the total amount. If the household’s total weekly expenditure is $250, the
amount it spends on housing is one fifth of that amount.

Amount spent on housing = share of housing × total weekly expenditure

= 
  

1
5

 × 250 = $50

numerator: the value on the top of a fraction.
denominator: the value on the bottom of a fraction.

The top line of a fraction is called the numerator and the bottom line is called the
denominator. The denominator shows how many parts the total amount is considered

Figure 1.7
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as being divided into, and the numerator shows the number of those parts that belong
to the item we are considering. In the housing expenditure example, total weekly
expenditure is considered as being divided into five parts (5 is the denominator) and
one of these parts is spent on housing (1 is the numerator).

A fraction can also be written as a ratio of algebraic symbols. For example, if
h = amount spent on housing and x = total weekly expenditure, the share of housing
= h/x. The rules for working with fractions are first demonstrated numerically, but
you then need to practise the same rules with fractions written in algebraic symbols
using the examples that follow.

C A N C E L L I N G

When working with fractions we can divide both the numerator and the denominator
by the same amount and the fraction is unchanged. If we have the fraction 30/40 we can
simplify it by dividing both top and bottom by 10.

  

30
40

30 10
40 10

3
4

  
(   )
(   )

  =
÷
÷

=

10 is said to be a factor of both the numerator and the denominator, and can be
cancelled.

When cancelling, if the whole of the numerator (or denominator) is cancelled out it
becomes 1. For example, with

  

14 6
56 9

  
  
×
×

dividing by 14 on the top and bottom gives

  

(   )  
(   )  

  
  
  

  
14 14 6
56 14 9

1 6
4 9

6
36

÷ ×
÷ ×

=
×
×

=

Dividing the numerator and denominator by 6 simplifies the fraction further

  

6 6
36 6

1
6

  
  

  
÷
÷

=

When a fraction includes algebraic symbols, if the same symbol occurs as a multiplier in
both the numerator and the denominator of a fraction, these symbols can be cancelled.
For example

    

20
5

4
4

2y
y

y y
y

y  
(   )

  =
×

=

since the y in the denominator cancels with one of the y’s in the numerator.
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C O M M O N  D E N O M I N A T O R

Economists often want to compare two fractions to see if they are equal or, if not,
which is bigger. They also want to add and subtract fractions. For all of these opera-
tions we need to express our fractions as having the same, or common, denominator.
For example, to find which is the bigger of 3/7 and 9/20 we multiply both numerator and
denominator of each fraction by the denominator of the other. This is the reverse
operation to cancelling and leaves the value of the fraction unchanged.

  

3
7

20 3
20 7

60
140

9
20

7 9
7 20

63
140

  
  
  

  ,    
  

  
  =

×
×

= =
×

×
=while

Now that both fractions have the same denominator, 140, we can see immediately that
the second is bigger because it has a numerator of 63 which is bigger than that of 60
which the first fraction has. Using the symbol > to indicate that the first expression is
greater than the second, we write 63/140 > 60/140, and so 9/20 > 3/7. This is an example of an
inequality expression, where the inequality sign indicates which of the two values it is
separating is the greater.

> sign: the greater than sign indicates that the value on its left is greater than
the value on its right.

< sign: the less than sign indicates that the value on its left is less than the
value on its right.

Common denominators are also needed in working with algebraic expressions and
we find them in the same way. For example, to put the fractions 3y/5x and 7x/y on
a common denominator we multiply each fraction by the denominator of the other.
This gives

    

3
5

3
5

3
5

2y
x

y y
x y

y
x y

  
  
  

   =
×
×

= and

    

7 7 5
5

35
5

2x
y

x x
y x

x
x y

  
  

  
  =

×
×

=

Notice that unless we know the numerical values of x and y we cannot immediately say
which of these two fractions is bigger.

A D D I T I O N  A N D  S U B T R A C T I O N  O F  F R A C T I O N S

If fractions have the same denominator we can immediately add them or subtract them.
We simply add or subtract the numerators and place the result on the common de-
nominator. For example
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3
7

1
7

3 1
7

4
7

    
  

  + =
+

=  and

  

9
11

2
11

9 2
11

7
11

    
  

  − =
−

=

If the denominators are not the same we must find a common denominator for the
fractions before adding or subtracting them. For example, to find 1/4 + 2/3 we multiply
both numerator and denominator of the first fraction by 3, and of the second fraction
by 4. Both fractions then have denominators of 12 and we can add them.

  

1
4

2
3

3
12

8
12

3 8
12

11
12

        
  

   + = + =
+

=

To perform the subtraction 24/35 − 3/10 we could use 350 as a common denominator
using our basic rule of using the denominator of each fraction to multiply both numerator
and denominator of the other. But if we notice that the first denominator is 7 × 5
and the second is 2 × 5 we see that the multiplier of 5 is already common to both
denominators and we need only multiply by the other term in each denominator. Thus
we use 2 as the multiplier for the first fraction and 7 for the second giving us 70 as the
denominator. This is said to be the lowest common denominator.

  

24
35

3
10

48
70

21
70

48 21
70

27
70

        
  

  − = − =
−

=

lowest common denominator: the lowest value that is exactly divisible by all
the denominators to which it refers.

An algebraic example is

    

2
2

5
1x x  

  
  +

+
+

Notice that although 2 appears both in the numerator and denominator of the first
fraction it does not multiply the whole of the denominator and hence cannot be cancelled.
Choosing the product of both denominators as the common denominator we have

    

2 1 5 2
2 1

(   )  (   )
(   )(   )
x x

x x
+ + +

+ +

and multiplying out the numerator gives

    

(       )
(   )(   )

2 2 5 10
2 1

x x
x x
+ + +

+ +

Collecting terms in the numerator we have

    

7 12
2 1

x
x x

  
(   )(   )

+
+ +
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Remember...Remember...

M U L T I P L I C A T I O N  A N D  D I V I S I O N  O F  F R A C T I O N S

To multiply two fractions we multiply the numerators and the denominators. For
example

  

1
2

3
5

1 3
2 5

3
10

    
  
  

  × =
×
×

=

To divide one fraction by another we turn the divisor upside down and multiply by it.
You can check that this works by seeing that the reverse operation of multiplication
gets you back to the value you started with. For example

  

5
7

3
4

5
7

4
3

      ÷ = ×

  
=

×
×

= 
  
  

   
5 4
7 3

20
21

Check by multiplying the answer by the value you divided by and cancelling:

  

20
21

3
4

20 1
7 4

    
  

  
× =

×
×

  
=

×
×

= 
  
  

  
5 1
7 1

5
7

Algebraic fractions can be multiplied and divided in just the same way. You
may then be able to cancel terms, but always check carefully that whole
terms are equal before you cancel them. For example

    

x
x

x x x
x

x x  
    

(   )  
  

  
(   )+

× =
+ ×

×
=

+4
2

4
2

4
2

2 2

cancelling the x in the denominator with one of the x ’s in the numerator
x 2. Note that although there is a 4 in the numerator it is added to x and
therefore it is not possible to cancel the 2 in the denominator with it.

Use the MathEcon screen Fractions and
Sharing for more examples using the rules
of fractions. An economic application is
choosing what fraction of your income you
want to spend on consumption. The screen
Objectives and Actions: Looking Ahead
lets you take part in a simulation where
you choose what fraction or multiple of
your income you consume in different time
periods.

• Amount of an item = fractional share of item × total
amount.

• A fraction is: numerator/denominator.
• Cancelling is dividing both numerator and denominator by the same amount.
• To add or subtract fractions first write them with a common denominator and then

add or subtract the numerators.
• Fractions are multiplied by multiplying together the numerators and also the

denominators.
• To divide by a fraction turn it upside down and multiply by it.
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Evaluate the following without using a calculator

(a)
  

9
11

1
2

  + (b)
  

5
12

4
7

  × (c)
  

1
3

4  ÷ (d)
  

7
10

5
16

  − (e)
  

8
15

12
25

  ÷

(f ) In a population of 28 million people aged between 20 and 60, 3/4 are working or
looking for work. How many people in the age group are economically active?

(a)
  

9
11

1
2

18 11
22

29
22

1 7
22    

  
    + =

+
= or

(b) Cancelling the 4’s, since 12 = 4 × 3

  

5
12

4
7

5
3

1
7

5
21

    
 
    × = × =

(c) Dividing by 4 is the same as multiplying by 1/4

  

1
3

4
1
3

1
4

1
12

        ÷ = × =

(d) You could use 160 as the denominator, but the lowest common denominator
is 80

  

7
10

5
16

56 25
80

31
80

    
  

  − =
−

=

(e) We turn the fraction we are dividing by upside down and multiply by it

  

8
15

12
25

8
15

25
12

      ÷ = ×

Cancelling 4’s and 5’s gives

  

2
3

5
3

10
9

11
9      × = or

(f ) The economically active population in the age group is those who are working or
looking for work. The number economically active = 3/4 × 28 = 21 million people.

Simplify

(a)
    

3
92x

x
  × (b)

    

5
2 1

3
4 1

x
x

x
x(   )

  
(   )+

+
−

(a) Here we can cancel 3’s and also x’s since x 2 = x × x:

    

3
9

1 1
3

1
32x

x
x x

        × = × =

(b) Putting both terms on 4(x + 1)(x − 1) as the lowest common denominator gives
[10x(x − 1) + 3x(x + 1)]/[4(x + 1)(x − 1)]. Multiplying out the brackets in
the numerator we find

    

10 10 3 3
4 1 1

13 7
4 1 1

2 2 2x x x x
x x

x x
x x

− + +
+ −

=
−

+ −
    

(   )(   )
  

 
(   )(   )

6

5
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Evaluate the following without using a calculator

(a)
  

3
4

1
2

  − (b)
  
12

1
3

  ×

(c)
  

1
6

5
7

  × (d)
  

3
10

7
15

  +

(e)
  

8
9

2  ÷ (f )
  

24
35

7
8

3
5

    × ÷

(g)
  

11
12

7
18

  −

If your marginal utility in consuming good X is 5 and your marginal
utility in consuming good Y is 9 when you are buying X and Y at prices
of 30 and 45 respectively, is the ratio of your marginal utilities equal to
the ratio of the prices?

Simplify

(a)
    

x
x

2

4
3

  × (b)
    

15 15
2

M
P

P
M

P
    × ÷

(c)
    

5 3
1 3

2x x
x x

  
(   )

−
+ (d)

    

8
12 162

x
x x  −

(e)
    

7
2

5
2 1x

x
x  

  
  +

+
−

A power or index applied to a value shows the number of times the value is to be
multiplied by itself. For example

x 3 = x . x . x

and

x 5 = x . x . x . x . x

index or power: a superscript showing the number of times the value to
which it is applied is to be multiplied by itself.

Notice that x 1 = x.

??
1.9

SECTION 1.6: Powers and Indices

1.10

1.11
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When we multiply together expressions comprising the same value raised to a power,
we add the indices and raise the value to that new power. An example will show you
that this rule works. Multiplying x 3 by x 5 gives three x ’s and then five x ’s all multiplied
together. So we have eight x ’s multiplied together, which by definition is x 8.

x 3 . x 5 = (x . x . x)(x . x . x . x . x) = x 8

The rule gives the same result:

x 3 . x 5 = x 3+5 = x 8

To divide two expressions where each is the same variable raised to some power, we
subtract the powers to find the power of the variable in the answer. Again you can see
by an example that the rule works. Dividing x 5 by x 3 we have five x ’s divided by three
x ’s. Each of the bottom x ’s cancels with a top x, leaving two x ’s in the numerator, so
the result is x 2.

    

x
x

x x x x x
x x x

x x x
5

3
2  

. . . .
. .

  .   = = =

Using the rule we obtain the same answer:

    

x
x

x x
5

3
5 3 2    = =−

In such divisions, if the larger of the two values is the divisor, cancelling gives us a num-
erator of 1 and the denominator comprises the value raised to an appropriate power.
Using the rule about subtracting the powers when we divide we obtain a negative
index for our variable, so there are two alternative ways of writing the result. For example

    

x
x

x x x
x x x x x x x x

3

5 2

1 1
  

. .
. . . .

  
.

  = = =

and

    

x
x

x x
3

5
3 5 2    = =− −

We can now deduce the value of x 0. Using the rule that when we divide we
subtract the indices, we see that we get x 0 whenever x to a particular power
is divided by x to the same power. Looking at it another way, we see that
the numerator and denominator are the same and cancelling them gives us
the value 1. Hence x 0 = 1. For example

    

x
x

x x
4

4
4 4 0    = =−

and

    

x
x

x x x x
x x x x

4

4 1  
. . .
. . .

  = =

We can also give an interpretation to fractional powers. Consider what happens
when we multiply an expression with a fractional power by itself as many times as
the denominator of the fraction. For example, multiply together two of x

1/2

In chapter 5 we will find that
it is important for us to be

able to switch between these
two alternative formats.


